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In this supplementary material, we prove the two lemma in the main paper.

Lemma 1. Suppose that l satisfies zl >
Tr,l

l−k+r+1+β(r+1) ≥ zl+1. Let low, high,mid

are variables generated by the Algorithm 3, Then
(1) If zmid >

Tr,mid

mid−k+r+1+β(r+1) then mid ≤ l.

(2) If zmid ≤ Tr,mid

mid−k+r+1+β(r+1) then l ≤ mid− 1.

And

Lemma 2. For any r such that r ∈ [0, k − 1]. If zk−r > 0, it definitely exists a

l satisfies zl >
Tr,l

l−k+r+1+β(r+1) ≥ zl+1 in the range of [k− r, nd]. If zk−r = 0, we

can return l = k − r.

Before we prove the Lemma 1, we need the following two lemmas.

Lemma 3. If zl >
Tr,l

l−k+r+1+β(r+1) , then zl−1 >
Tr,l−1

l−1−k+r+1+β(r+1) , where Tr,l =∑l
i=k−r zi.

Proof.
zl−1 ∗ (l − 1− k + rL+ 1 + β(r + 1))

= zl−1 ∗ (l − k + r + 1 + β(r + 1))− zl−1

≥ zl ∗ (l − k + r + 1 + β(r + 1))− zl−1

> Tr,l − zl−1

= Tr,l−1

(1)

where the first inequality follows zl−1 ≥ zl and the second inequality is the
assumption. �

Lemma 4. If zl ≤ Tr,l

l−k+r+1+β(r+1) , then zl+1 ≤ Tr,l+1

l+1−k+r+1+β(r+1) .

Proof.
zl+1 ∗ (l + 1− k + r + 1 + β(r + 1))

= zl+1 ∗ (l − k + r + 1 + β(r + 1)) + zl+1

≤ zl ∗ (l − k + r + 1 + β(r + 1)) + zl+1

≤ Tr,l + zl+1

= Tr,l+1

(2)

where the first inequality follows zl ≥ zl+1 and the second inequality is the
assumption. �
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According to Lemma 3 and Lemma 4, we can proof the Lemma 1.

Proof. (1) Assumed that the claim does not hold. Thus, we have l + 1 ≤
mid. According to zmid >

Tr,mid

mid−k+r+1+β(r+1) and Lemma 3, we know zl+1 >
Tr,l+1

l+1−k+r+1+β(r+1) . Hence

zl+1 >
Tr,l+1

l + 1− k + r + 1 + β(r + 1)

→ zl+1(l − k + r + 1 + β(r + 1)) + zl+1 > Tr,l+1

→ zl+1(l − k + r + 1 + β(r + 1)) > Tr,l

→ zl+1 >
Tr,l

l − k + r + 1 + β(r + 1)

(3)

This is a contradiction with
Tr,l

l−k+r+1+β(r+1) ≥ zl+1.

(2) Assumed that the claim does not hold. Thus, we have l ≥ mid. According

to zmid ≤ Tr,mid

mid−k+r+1+β(r+1) and Lemma 4, we know zl ≤ Tr,l

l−k+r+1+β(r+1) . This

is a contradiction with zl >
Tr,l

l−k+r+1+β(r+1) . �

Now, we proof the Lemma 2.

Proof. First, when zk−r = 0, it means that zk−r+1 = ... = znd = 0. In such case,

there is not exist a l satisfies zl >
Tr,l

l−k+r+1+β(r+1) . Any l ∈ [k − r, nd] can be

returned and not influence the result. Hence, we can simply let l = k − r.
Now, we consider the case of zk−r > 0. To proof l ∈ [k− r, nd], we only need

to show (1) zk−r >
Tr,k−r

k−r−k+r+1+β(r+1) and (2) znd+1 ≤ Tr,nd+l

nd+1−k+r+1+β(r+1) . If

both (1) and (2) are satisfied, according to Lemma 1, we have l ≥ k − r and
l ≤ nd. Hence l ∈ [k − r, nd].

It is easy to verify that both (1) and (2) are true. Since zk−r− Tr,k−r

k−r−k+r+1+β(r+1) =

zk−r − zk−r

1+β(r+1) > 0, we have the (1). Since zd+1 = −∞, it is less than or equal

to any value, hence we have the (2).
Now, we show which l ∈ [k − r, nd] satisfies the inequalities. Since both (1)

and (2) are true, this indicates that we can find at least a l ∈ [k− r, nd] satisfies

zl − Tr,l

l−k+r+1+β(r+1) > 0 and zl+1 − Tr,l+1

l+1−k+r+1+β(r+1) ≤ 0.

We have zl+1 − Tr,l+1

l+1−k+r+1+β(r+1) ≤ 0 ⇒ zl+1 ≤ Tr,l+zl+1

l+1−k+r+1+β(r+1) ⇒ (l +

1 − k + r + 1 + β(r + 1))zl+1 ≤ Tr,l + zl+1 ⇒ (l − k + r + 1 + β(r + 1))zl+1 ≤
Tr,l ⇒ zl+1 ≤ Tr,l

l−k+r+1+β(r+1) .

Hence,zl >
Tr,l

l−k+r+1+β(r+1) > zl+1. we find the l. �

Lemma 5. If zk−r > 0, there is an unique l satisfies zl >
Tr,l

l−k+r+1+β(r+1) ≥
zl+1 in the range of [k − r, d].

Proof. Since zl >
Tr,l

l−k+r+1+β(r+1) ≥ zl+1, we have (1) zl − Tr,l

l−k+r+1+β(r+1) > 0

and (2) zl+1 − Tr,l+1

l+1−k+r+1+β(r+1) ≤ 0. (According to the Lemma 2).
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We show there is an unique l ∈ [k − r, d] satisfies the inequalities. Assumed

the claim does not hold. Thus, there exists l and l̂ for which l < l̂, we have{
zl − Tr,l

l−k+r+1+β(r+1) > 0

zl+1 − Tr,l+1

l+1−k+r+1+β(r+1) ≤ 0

and zl̂ −
Tr,l̂

l̂−k+r+1+β(r+1)
> 0

zl̂+1 −
Tr,l̂+1

l̂+1−k+r+1+β(r+1)
≤ 0

Since zl+1 − Tr,l+1

l+1−k+r+1+β(r+1) ≤ 0 and l̂ ≥ l+ 1, according to Lemma 4, we

have zl̂−
Tr,l̂

l̂−k+r+1+β(r+1)
≤ 0. This is a contradiction with zl̂−

Tr,l̂

l̂−k+r+1+β(r+1)
>

0. �

1 Computation of the proximity operator

min
w

β

2
||w − v||2F +

1

2
(||w||spk )2 (4)

Argyriou et al. [8] showed that this computation of the proximity operator
can be done in O(nd(k + log(nd))) steps. Here we include the derivation for
self-containedness.

Before we present the solution, we firstly give the following two lemmas.
Lemma 6 indicates that the each component of the optimal solution w∗ has the
same sign of its counterpart in v. Lemma 7 shows that if |vi| is the jth largest
element of |v|, then |wi| is the jth largest element of |w∗|.

Lemma 6. Let w∗ be the optimal solution to the minimization problem given in
Eq. (4). Then w∗

i vi ≥ 0 for all i = 1, ..., nd.

Proof. Assume that the claim does not hold. Thus, there exists i for which
w∗

i vi < 0. Let w be a vector such that wk = w∗
k for all k ̸= i and wi = 0. It is

easy to verify that (1) ||w∗||spk ≥ ||w||spk and (2) ||w∗ − v||2 > ||w− v||2. We thus
find a solution w which attains an objective value smaller than that of w∗. This
is a contradiction with w∗ is the optimal solution. �

Lemma 7. Let w∗ be the optimal solution to the minimization problem given in
Eq. (4). Then for any i, j, if |vi| ≥ |vj |, we also have |wi| ≥ |wj |.

Proof. Assume that the claim does not hold. Thus, there exists i, j for which
|vi| ≥ |vj | and |w∗

i | < |w∗
j |. Let w be a vector such that wk = w∗

k for all

k ̸= i, k ̸= j and wi = sign(vi)|w∗
j |, wj = sign(vj)|w∗

i |. Therefore, λ
2 (||w

∗||spk )2 +
1
2 ||w

∗−v||2− λ
2 (||w||

sp
k )2− 1

2 ||w−v||2 = 1
2 ((w

∗
i −vi)

2+(w∗
j −vj)

2−(sign(vi)|w∗
j |−

vi)
2 − (sign(vj)|w∗

i | − vj)
2) = −|w∗

i ||vi| − |w∗
j ||vj |+ |w∗

j ||vi|+ |w∗
i ||vj | = (|w∗

j | −
|w∗

i |)(|vi| − |vj |) ≥ 0.
Hence, w attains an objective value less than or equal to that of w∗. This is

a contradiction. �
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Based on the lemma 6 and lemma 7, we can rewrite the optimization problem
as

min
q

1

2β
(

k−r−1∑
i=1

q2i +
1

r + 1
(

nd∑
i=k−r

|qi|)2) +
1

2
||q − z||2

s.t. q1 ≥ q2 ≥ ... ≥ qnd ≥ 0

qk−r−1 >
1

r + 1
(

nd∑
i=k−r

qi) ≥ qk−r

(5)

where z denotes the vector obtained by sorting the absolute value of v in a
descending order, z1 ≥ z2 ≥ ... ≥ znd ≥ 0. Let s be denoted as the corresponding
index, |vsi | = zi. Once we obtain the optimal solution of Eq. (5), we can construct
the solution of Eq. (4) by setting

wsi = sign(vsi)qi. (6)

Now, we consider to solve the Eq. (5). Without the constrains, Eq.(5) can be
rewrite as the following two sub problems:

min
q1,...,qk−r−1

1

2

k−r−1∑
i=1

(q2i /β + (qi − zi)
2) (7)

min
qk−r,...,qnd

1

2β(r + 1)
(

nd∑
i=k−r

|qi|)2 +
1

2

nd∑
i=k−r

(qi − zi)
2 (8)

Eq (7) is a simple problem. The optimal solution is

qi =
β

β + 1
zi for i = 1, ..., k − r − 1 (9)

We take the derivative of Eq.(8) with respect to qj to zero, where j = k−r, ..., nd.
we obtain

1

β(r + 1)
(

nd∑
i=k−r

|qi|)∇|qj |+ (qj − zj) = 0 (10)

where ∇|qj | is the sub-gradient of |qj |. Since qj ≥ 0, we have

∇|qj | =
{
{cj ∈ R|0 ≤ cj ≤ 1} if qj = 0
1 if qj > 0

Hence, we need to discuss the two cases for finding the solution of Eq.(8).
Suppose that qk−r ≥ ... ≥ ql > 0 and ql+1 = ... = qnd = 0. Substitution it into



180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

ECCV

#384
ECCV

#384

ECCV-14 submission ID 384 5

Eq. (10), we have

1

β(r + 1)
(

l∑
i=k−r

qi) + (qk−r − zk−r) = 0

· · ·

1

β(r + 1)
(

l∑
i=k−r

qi) + (ql − zl) = 0

1

β(r + 1)
(

l∑
i=k−r

qi) ≥ zl+1

(11)

Hence, the optimal solution of Eq (8) is

qi =

{
zi −

∑l
i=k−r zi

l−k+r+1+β(r+1) if i = k − r, ..., l

0 if i = l + 1, ..., nd
(12)

Substitution the solution into Eq. (11), we have l satisfies

zl >

∑l
i=k−r zi

β(r + 1) + l − k + r + 1
≥ zl+1. (13)

Now, we consider the constrain qk−r−1 > 1
r+1 (

∑nd
i=k−r qi)

2 ≥ qk−r. Substi-
tution the solutions of Eq. (8) and Eq. (7) into it, we have

qk−r−1 >
1

r + 1

nd∑
i=k−r

qi ≥ qk−r

⇒ β

β + 1
zk−r−1 > β(

∑l
i=k−r zi

β(r + 1) + l − k + r + 1
)

≥ zk−r −
∑l

i=k−r zi

β(r + 1) + l − k + r + 1

⇒ 1

β + 1
zk−r−1 >

∑l
i=k−r zi

β(r + 1) + l − k + r + 1
≥ 1

β + 1
zk−r

(14)

Hence, the solution of Eq. (5) is

qi =


β

β+1zi if i = 1, ..., k − r − 1

zi −
∑l

i=k−r zi
l−k+r+1+β(r+1) if i = k − r, ..., l

0 if i = l + 1, ..., nd

(15)

where r and l satisfy that 1
β+1zk−r−1 >

∑l
i=k−r zi

β(r+1)+l−k+r+1 ≥ 1
β+1zk−r

zl >
∑l

i=k−r zi
β(r+1)+l−k+r+1 ≥ zl+1

(16)


