
Supplemental Material for
“A Video Representation Using Temporal Superpixels”

In the following supplemental material, we expand on five concepts presented in the main paper. In
Section A, we describe the digital topology constraints used in the temporal superpixel (TSP) represen-
tation. Next, in Section B, we derive the optimal mean parameters for new and old superpixels. The
impact of our optimization procedure is then briefly discussed in Section C. In Section D, we consider
the image boundary effects in more detail and present our solution to the problem. Finally, we discuss
details of the metrics used in the paper in Section E. Additional video results are also included in the
supplement.

A Topology Constraints

In typical definitions of digital topology, there are distinct foreground (FG) and background (BG) re-
gions with associated neighborhood connectivity. These connectivities are defined in a pair to avoid
topological paradoxes in the implicit continuous shapes [4]. In 2D, one can choose a 4-connected FG
and 8-connected BG or an 8-connected FG and 4-connected BG. Figure 1 illustrates one situation where
using the same connectivity for both the foreground and background is inconsistent with the underlying
continuous curves. In particular this example violates thedigital topology principle that two disjoint
regions must be separated by one connected region.

Given a particular connectivity, a pixel can move from one region to the other while preserving the
topology if and only if it is asimple point [1]. As shown in [1], checking if a pixel is a simple point can be
done in constant time. This type of concept has successfullybeen applied to level set based segmentation
[3]. However, because of the necessity to define a pair of neighborhood connectivities,M-ary topology
is not well defined.

In this work, we are not concerned about the underlying continuous curves. Rather, we use the ideas
stemming from digital topology to develop a probabilistic model of superpixels. While the superpixel
labels,z, in SLIC were independent, the desired topology of the labels implies that they should be
dependent. We restrict the distribution of labels such that each unique label is a single 4-connected
object. All other configurations have zero probability.

Figure 1: (Left) Topological paradox because the curves overlap. (Center) Topological paradox because
part of the image does not belong to the FG or BG. (Right) the pair of different connectivities fixes the
problem.
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B Optimal Mean Parameters and Joint Likelihoods

New superpixels have a uniform prior distribution over the mean parameters which result in the optimal
means equaling the empirical means. In the case of old superpixels, however, the expression for the op-
timal mean is slightly more complicated. We find the optimal mean parameters and the joint likelihoods
of Equations 6-9 and 19-21 in this section.

B.1 New Superpixels
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In the case of new superpixels, the optimal mean is the empirical mean and the joint log likelihood of
parameters and observations can be expressed as
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As we shall see, the−N
2

term exists for all types of superpixels (new or old), and thus can be treated as
a constant. This leads us the final expression

Ln(xIk,d) = log p(xIk,d, µ̂k,d)
C
= −Nk log σd +
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2Nkσ2
d

, (B.3)

which matches Equation 8 in the paper.

B.2 Old Superpixels

We now derive the optimal mean parameters and joint log likelihood for old superpixels. We begin by
expressing the product of two Gaussian distributions with different means and variances as:
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where the resulting mean and variance are
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Using this relationship with Equation B.1, the joint likelihood can then be expressed as
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where the optimal parameters are
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Using the optimal mean in the log likelihood simplifies to
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Similar to new superpixels, the first term exists in both cases and can be treated as a constant. This allows
us to express the log likelihood as
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which matches Equation 20 in the paper.

C Joint Optimization

We chose to use an optimization scheme that consisted of proposing joint moves in the label and param-
eter space. Alternatively, one could have used an iterativescheme similar tok-means. The plot in Figure
2 shows the posterior log likelihood over all hidden variables for different optimization schemes for a
single frame. In particular we consider an iterative method, only using joint local moves, and using all
joint moves. While the gain of using joint local moves as compared to an iterative approach is marginal,
we find that the split and merge moves greatly help in finding a better mode.
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Figure 2: Posterior log likelihood for different optimization algorithms.

Figure 3: Example superpixels with (left) and without (right) representing support outside of the ob-
served image domain. Corresponding vector difference in means is shown for each case.

D Boundary Effects

As stated in the main paper, boundary effects can cause the resulting mean location and flow to be
incorrect. We therefore represent the full support of any superpixel that contains any pixels in the image
domain. Because the appearance for pixels outside the domain are not observed, we do no include the
appearance likelihood in our calculations. Unlike the appearance, however, the position is known. Since
we are not concerned about connectivity in the domain outside of the image, and we do not even need
all pixels to be labeled there, we slightly modify the likelihood calculation. We define a null region with
label−1, that pixels only outside of the image domain can belong to.

Given the variance parameter on location and the desired area of a superpixel, the prior says that all
pixels within a circle of radiusr =

√

N/(πM) should be included in that superpixel. Likewise, all pixels
outsider should be included in some other superpixel. We define the probability of a pixel belonging to
the null region as
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and use this likelihood to trade off between belonging to a superpixel or null region in the likelihood
calculations. At the end of a frame, if a superpixel lies completely outside of the image domain, it is
declared to be dead.

An example result with and without the modified representation is shown in Figure 3. Though the
effect of the flow on the boundaries is slight, the small errors can accumulate over time and cause large
errors.
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E Metrics

In this section, we give a mathematical expression for each of the six metrics discussed in the paper. We
use the following notation:N is the number of pixels in a frame,T is the number of frames,z are the
superpixel labels, andg are the ground truth labels.

3D Undersegmentation Error

The 3D undersegmentation error of [5] can be expressed as
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whereIk = {(i, t); zti = k} is the set of indices in space and time for superpixelk andJl = {(i, t); gti =
l} is the set of indices in space and time for ground truth segment l.

3D Segmentation Accuracy

The 3D segmentation accuracy of [5] can be expressed as
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whereJl denotes the complement ofJl.

Boundary Recall Distance

The boundary recall distance can be expressed as
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wherezt andgt are the superpixel label and ground truth label at framet, B(·) is the set of boundaries
for the label(·), andd(·, ·) is the Euclidean distance between the two arguments.

Temporal Extent

The temporal extent can be expressed as
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whereIt
k = {i; zti = k} are the (possibly empty) indices for superpixelk at time t, and1I[·] is the

indicator function that evaluates to one iff the argument istrue.
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Superpixel Size Variation

The superpixel size variation, while easy to calculate, is slightly difficult to express because of the in-
dexing. We defines as the vector of sizes where each element contains the size ofa single superpixel in
a single frame. The superpixel size variation metric can then be expressed as
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Label Consistency

To define the label consistency, we begin by denotingF as the vector valued ground truth flow field,F ◦z
as the warping ofz underF , and[(·)]i as theith pixel of (·). The label consistency can be expressed as
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