
AppendixLabel predi
tion model (Se
tion 3.2.a, derivation of Eqn. 3)Label predi
tion model P (di, ci|ai, xi, zi) is de�ned as follows:
P (di, ci|ai, xi, zi) = P (di|ci, ai, xi, zi)P (ci|ai, xi, zi)1. Coarse-level label distribution

P (ci|ai, xi, zi) = P c
zi

(ci|ai, xi)where P c
zi

(ci|ai, xi) is a 
lassi�er with outputs normalized to 1, i.e., ∑
ci

P c
zi

(ci|ai, xi) = 1.2. Detailed-level 
onditional label distribution
P (di|ci, ai, xi, zi) ∝ P d

zi
(di|ai, xi)[ci = f(di)]where P d

z (d|a, x) is a 
lassi�er with output normalized to 1, i.e., ∑
d P d

z (d|a, x) = 1 (sum over allthe detailed label values), and [c = f(d)] = 1 if c is the parent of d in the label hierar
hy, and 0otherwise. In doing so, we share a single detailed 
lassi�er a
ross di�erent 
oarse label 
lasses.The normalizing 
onstant of P (di|ci, ai, xi, zi) 
an be written as
∑

d

P d
zi

(d|ai, xi)[ci = f(d)] =
∑

d∈s(di)

P d
zi

(d|ai, xi).where the �rst sum is over all the detailed label values, and the se
ond sum is over all the siblingsof di, whi
h all share the same parent, ci.3. Detailed-level label distribution 
an be derived by summing out the 
oarse-level label variable:
P (di|ai, xi, zi) =

P d
zi

(di|ai, xi)∑
d∈s(di)

P d
zi

(d|ai, xi)
P c

zi
(c[di]|ai, xi)Inferen
e algorithm (Se
tion 4, derivation of Eqn. 5)The joint distribution of the model 
an be written as

P (a,d, c, z, θ|α,x) = P (θ|α)
∏

i

P (di, ci|ai, xi, zi)P (ai|zi)P (zi|θ).

• We 
an integrate out θ due to the 
onjuga
y property
P (z,a,d, c|α,x) =

ˆ

θ

P (a,d, c, z, θ)dθ

=
∏
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P (di, ci|xi, ai, zi)P (ai|zi) ×
Γ(

∑
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∑
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• To use Gibbs sampling, we want to derive P (zi|z−i,a,x), P (zi|z−i,a,d,x), and P (zi|z−i,a, c,x).In the following, we use P (zi|z−i,a,d,x) as an example (the other two are similar). Note that
P (zi = k|z−i,a,d,x) ∝ P (zi = k, z−i,a,d,x)

= C · P (di|ai, xi, zi = k)P (ai|zi = k)Γ(αk +
∑
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δ(zj,k) + 1)
∏
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= C · P (di|ai, xi, zi = k)P (ai|zi = k)(αk +
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δ(zj,k))
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Γ(αl +
∑
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∝ P (di|ai, xi, zi = k)P (ai|zi = k)(αk +
∑

j∈S\i

δ(zj,k))in whi
h we make use of the property of the Gamma fun
tion: Γ(x + 1) = xΓ(x).1



Learning label predi
tion models (Se
tion 5, derivation of Eqns. 7, 9, 10)In M-step, we have the following likelihood fun
tion (ignoring other irrelevant terms):
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• Assume that the output of the 
oarse label 
lassi�er 
an be approximated by the detailed label
lassi�er (i.e., they are 
onsistent during training), we have
P c

zi
(f(di)|ai, xi) ≈

∑

d∈s(di)

P d
zi

(d|ai, xi).Then the log likelihood fun
tion 
an be simpli�ed as
L ≈
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• Denote the parameters in the kth detailed-label 
lassi�er as νk, and 
onsider the gradient of Lw.r.t. νk:
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• Denote the parameters in the kth 
oarse-label 
lassi�er as µk, then the gradient of L w.r.t. µk
an be written as
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