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Appendix A : Proof of Lemma 1

Proof. l′(Xi, yi) can be upper bounded by follows:

l′(Xi, yi) =
ni∑ni

j=1 e′(xi,j , yi)

=
ni

ni∑
j=1

e(xi,j , yi)
exp(αg(xi,j , yi))∑m
y=1 exp(αg(xi,j , y))

= l(Xi, yi)
1

ni∑
j=1

qi,j(y)
exp(αg(xi,j , yi))∑m
y=1 exp(αg(xi,j , y))

≤ l(Xi, yi)
ni∑

j=1

qi,j(y)
(

exp(αg(xi,j , yi))∑m
y=1 exp(αg(xi,j , y))

)−1

= l(Xi, yi)
ni∑

j=1

qi,j(y)
m∑

y=1

exp
(

α(g(xi,j , y)

−g(xi,jyi))
)

,

where

qi,j(y) =
e(xi,j , yi)∑ni

j′=1 e(xi,j′ , yi)
.

The above inequality gives us the result in Lemma 1.

Appendix B : Proof of Lemma 2

Proof. exp(α(g(xi,j , y) − g(xi,j , y
′))) can be upper

bounded as follows:

exp(α(g(xi,j , y) − g(xi,j , y
′)))

= exp
(
−3α × g(xi,j , y

′) − g(xi,j , y) + 1
3

+ 3α × 1
3

+0 × g(xi,j , y) − g(xi,j , y
′) + 1

3

)

≤ g(xi,j , y
′) − g(xi,j , y) + 1

3
exp(−3α)

+
1
3

exp(3α) +
g(xi,j , y) − g(xi,j , y

′) + 1
3

=
exp(−3α) + exp(3α) + 1

3

−1 − exp(−3α)
3

(g(xi,j , y
′) − g(xi,j , y)).

In the above, we exploit the convexity of exponential func-

tion, namely

exp

(
n∑
i=

piqi

)
≤

n∑
i=1

pi exp(qi),

when pi, i = 1, . . . , n is a probability distribution (i.e., pi ≥
0, i = 1, . . . , n and

∑n
i=1 pi = 1 ).



Appendix C : Proof of Theorem 1
Proof. Using the results in Lemma 1 and 2, we have the

loss function l′(Xi, y) upper bound as follows:

l′(Xi, y)
l(Xi, y)

≤ exp(−3α) + exp(3α) + 1
3

ni∑
j=1

m∑
y′=1

qi,j(y)e(Xi, y
′)

−1 − exp(−3α)
3

ni∑
j=1

qi,j(y)
m∑

y′=1

e(Xi, y
′)g(xi,j , y)

−1 − exp(−3α)
3

ni∑
j=1

qi,j(y)
m∑

y′=1

e(Xi, y
′)g(xi,j , y

′)

=
exp(−3α) + exp(3α) + 1

3

−1 − exp(−3α)
3

ni∑
j=1

qi,j(y)
m∑

y′=1

δ(y, y′)g(xi,j , y
′)

−1 − exp(−3α)
3

ni∑
j=1

qi,j(y)
m∑

y′=1

e(Xi, y
′)g(xi,j , y

′).

In the above, we use the relationships

ni∑
j=1

qi,j(y) = 1, and

m∑
y=1

e(Xi, y) = 1.

Using the above inequality and the fact that L′ =∑N
i=1 l

∑
y∈yi

l(Xi, y), we obtain the result in Theo-

rem 1.

Appendix D : Computing the Optimal α

Proof. First, using Lemma 1, we have the following upper

bound for the objective function L′, i.e.

L′ ≤
N∑

i=1

∑
y∈yi

l(Xi, y)
ni∑

j=1

qi,j(y)
m∑

y′=1

e(xi,j , y
′)

exp(α[g(xi,j , y) − g(xi,j , y′)])

=
N∑

i=1

∑
y∈yi

ni∑
j=1

m∑
y′=1

ti,j(y, y′)δ(g(xi,j , y), 1)δ(g(xi,j , y
′), 0) exp(α)

+
N∑

i=1

∑
y∈yi

ni∑
j=1

m∑
y′=1

ti,j(y, y′)δ(g(xi,j , y), 0)δ(g(xi,j , y
′), 1) exp(−α)

where

ti,j(y, y′) = l(Xi, y)qi,j(y)e(xi,j , y
′).

By setting the derivative of the above expression with re-

spect to α to be zero, we have the expression for computing

the optimal α.

Appendix E : Proof of Theorem 3
Proof. First note that L can also be written as

L =
N∑

i=1

∑
y∈yi

ni∑
j=1

m∑
y′=1

l(Xi, y)qi,j(y)e(xi,j , y
′)

=
N∑

i=1

ni∑
j=1

1∑
z=0

1∑
z′=0

Ai,j(z)Bi,j(z′)

= K0,0 + K0,1 + K1,0 + K1,1,

where

Kz,z′ =
N∑

i=1

ni∑
j=1

Ai,j(z)Bi,j(z′).

On the other hand, using the result for α, we have L′ ex-

pressed as follows:

L′ = 2

√√√√√

 N∑

i=1

ni∑
j=1

Ai,j(1)Bi,j(0)





 N∑

i=1

ni∑
j=1

Ai,j(0)Bi,j(1)




= 2
√

K1,0K0,1.

Hence, the ratio L′/L is calculated as

L′

L =
2
√

K1,0K0,1

K0,0 + K0,1 + K1,0 + K1,1

= 1 − K0,0 + K0,1 + K1,0 + K1,1 − 2
√

K0,1K1,0

K0,0 + K0,1 + K1,0 + K1,1

≤ 1 − K0,1 + K1,0 − 2
√

K0,1K1,0

K0,0 + K0,1 + K1,0 + K1,1

= 1 − (
√

K0,1 −
√

K1,0)2

K0,0 + K0,1 + K1,0 + K1,1

= 1 − (exp(α) − 1)2

1 + exp(2α) + η
,

where

η =
K1,1K0,0

K1,0

=

∑N
i=1

∑ni

j=1

∑1
z=0 Ai,j(z)Bi,j(z)∑N

i=1

∑ni

j=1 Ai,j(1)Bi,j(0)
.

Hence,

LT = L0

T∏
t=1

Lt

Lt−1

≤
T∏

t=1

(
1 − (exp(αt) − 1)2

1 + exp(2αt) + ηt

)
.


