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Abstract— A motion planning method for humanoid robots
in life environments is proposed based on a two-stage approach,
where a sequence of double support postures to represent
discrete milestones of the biped locomotion is planned first, and
then, a time series of the whole body configuration to interpolate
them. This paper discusses the first stage. RRT (Rapidly-
explored Random Tree) is utilized for the planning. The main
problem is how to modify the sequence of randomly sampled
double support postures into practically acceptable one. Some
post-processing techniques including thinning and smoothing
are presented. A necessary condition of the series of milestones
is that a pair of adjacent postures has to share one fixed
supporting foot as the pivot. In order to thin out unnecessary
milestones, bypass nodes are inserted and Dijkstra’s method is
applied. A computer simulation in which a humanoid robot
travels in an environment with some pieces of furniture is
demonstrated.

I. INTRODUCTION

Motion synthesis of humanoid robots is a mathematically

challenging problem. The first difficulty one may encounter

is the high dimensionality of the configuration space for

tens of motorized joints and 6-DOF mobile base. Since

the base link is not mechanically connected to the ground,

the configuration includes unactuated components so that a

dynamical constraint is posed due to the unilaterality and

friction limit of reaction forces. By far the hardest issue is

that the dynamical constraint changes its form along with

the contact states between the robot and the environment.

In other words, to find the trajectory involves to find the

transition of the dynamical constraint. In this sense, the geo-

metric and dynamical constraints are complicatedly coupled,

and thus, it is almost impossible to reach the goal by simply

concatenating locally optimum trajectories.

In order to reduce the dimensionality of the search space

effectively, some combinatorial planning methods, which

use predefined typical humanoid motion primitives, have

been proposed[1], [2], [3]. While they work in well-ordered

environments on many simulations and real experiments,

there still remains difficulties of application in cluttered fields

such as our life environments, which contains life items,

steps, slopes, walls, etc.

Another approach to this problem is to separate it into

two-stages, where a sequence of double support postures
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to represent discrete milestones of the biped locomotion is

planned first, and then, they are interpolated to be continuous

with respect to both time and space. It simplifies the problem

to some extent since one can know the change of the

distribution of contact points, and accordingly, the dynamical

constraint in advance. Several methods[4], [5], [6], [7] have

been proposed based on Random-sampling techniques[8], [9]

to exploit the richness of the whole body postures to travel

on irregular terrains. They are known to be effective for the

path planning in a large dimension. An inevitable issue of

such an approach is that the produced path is jaggy and far

from the optimal one. so that post-processing of the path

to delete inessential milestones and smoothen it is required

for practical applications. The difficulty in case of humanoid

robots is that the robot has to move in the environment

by discontinuously switching the contacting body parts –

usually, feet – rather than by tracing a completely collision-

free path. Thus, the post-processing strategy is not trivial.

This paper proposes a motion planning method for hu-

manoid robots which is also based on the above two-stage ap-

proach and utilizes RRT-connect[9]. We focus on the former

issue around the planning of a sequence of double support

postures as milestones, while the latter will be discussed in

another paper in the future. A necessary condition of the

path to be planned in the first problem is that any pair of

adjacent milestones has to share one supporting foot. An idea

to thin out unnecessary milestones under the above condition

is to insert bypass nodes to the randomly-sampled path and

to apply Dijkstra’s method[10] for the optimization. It is

demonstrated in computer simulations that a humanoid robot

travels in a life environment with some pieces of furniture.

II. MATHEMATICAL OVERVIEW OF PROBLEM

Let us consider a humanoid robot with Nj joints, which

are fully-actuated, and represent the whole body configu-

ration of it by q ∈ Q, where q includes six parameters

for position and orientation of the base link, and Q ⊂
R

Nj+6 is the configuration space bounded by the limit

of joint displacements. The angle-axis vector, for example,

is available to represent the orientation of the base link

without concern for the problem of singularity. Suppose the

environment consists of undeformable objects and its profile

is given by polygon soup. The aim of motion planning is to

find a time series q(t) from the initial configuration q0 to

the goal configuration qG under the following conditions:

1) At least one facet on the body is in contact with the

environment at any moment,
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Algorithm 1 MOTIONPLAN(q0, qG)

1: {q1, · · · , qS} ←MILESTONEPLAN(q0, qG)

2: for i = 0 to S do

3: (qi,i+1(t), Ti+1)←SEGMENTPLAN(qi, qi+1)

4: end for

5: return q(t) =
∑S

i=0
qi,i+1(t)

Algorithm 2 MILESTONEPLAN(q0, qG)

1: P ←MILESTONERRT(q0, qG)

2: P ←MILESTONESHORTCUTRANDOM(P )

3: P ←MILESTONESHORTCUTDIJKSTRA(P )

4: return P ←MILESTONEAVE(P )

Ensure: P = {q1, · · · , qS}

2) Any body part doesn’t penetrate into the environment,

and

3) Any body part doesn’t penetrate into another body part.

The condition 1) is posed for simplicity to avoid irregular

situations where the robot hops or stands on toe. Let us

define C ⊂ Q as the set of q which satisfies the above

three conditions. Namely, the following condition must be

satisfied:

q ∈ C. (1)

Since q includes unactuated components, it doesn’t only

involve the geometric but also dynamical constraint. An

important fact is that the dynamical constraint essentially

depends on the contact state since it is due to the limitation

of external forces exerted at each contact point.

The problem can be simplified to some degree if it is

separated into the planning of a sequence of double support

postures to represent discrete milestones of the biped loco-

motion and a time series of the whole body configuration

to interpolate them, since one can know the change of the

distribution of contact points in advance. This idea is imple-

mented as the pseudocode MOTIONPLAN in Algorithm 1.

In the first stage, a discrete series of double support postures

P = {q1, q2, · · · , qS} including the number of its elements

S is planned as milestones by MILESTONEPLAN. Then, the

time-series q(t) which interpolates the milestones is planned

by SEGMENTPLAN in the second stage. This paper focuses

on the former problem.

The sequence of milestones P is inserted between q0 and

qG, where qS+1 ≡ qG. Hereafter, we only consider the biped

locomotion, in which the left and right feet alternately lands

onto the ground, for simplicity. Each milestone qi (i = 0 ∼
S) represents the robot posture immediately before a step.

Consequently, a combination of qi and qi+1 segments the

motion from the lifting-up of one foot to immediately before

the next lifting-up of the other foot. During the transition

from qi to qi+1, at least one foot has to be thoroughly fixed

with respect to the ground. Let us call such a fixed foot the

pivot foot and the other the stepping foot. Suppose rPi and

rSi represent combinations of the position and orientation

of the pivot foot and the stepping foot, respectively. The

Algorithm 3 MILESTONERRT(q0, qG)

1: N = {q0, qG}, E = ∅
2: for k = 1 to kmax do

3: qrand ←RAND(Q)

4: qnear ← arg
qj

min{d(qrand, qj), qj ∈ N}

5: q′

new ←INTERDIV(qnear, qrand, εms)

6: rSnew ← rPnear

7: rPnew ←SETTLE(r′

Pnew)

8: qnew ←IK({rPnew, rSnew}, q′

new)

9: if qnew ∈ C then

10: N ← N ∪ {qnew}, E ← E ∪ {(qnear, qnew)}
11: if rPnew = rPG then

12: return P ←SHORTESTPATH(E)

13: end if

14: end if

15: end for

16: return nil

ν
env

p
env

∆ξ

νPnew

pPnew

ν
env

p
env

pPnew
’

νPnew
’

Fig. 1. SETTLE manipulation: the position and orientation of the stepping
foot is modified to settle on the closest facet of the environment.

above assumption of biped locomotion poses the following

condition:

rPi = rSi+1. (2)

This alternation sequence of the pivot foot defines the global

locomotion. MILESTONEPLAN(q0, qG) aims to find a geo-

metrically and kinematically feasible pattern of locomotion

and to significantly reduce the search space.

The pseudocode of MILESTONEPLAN(q0, qG) is shown

in Algorithm 2. First, MILESTONERRT(q0 , qG) plans a

’raw’ path by utilizing RRT-connect[9]. Then, it is thinned

out roughly by MILESTONESHORTCUTRANDOM(P ) and

finely by MILESTONESHORTCUTDIJKSTRA(P ). Finally,

MILESTONEAVE(P ) smoothen the path by the avaraging

technique. Each procedure will be detailed in the following

sections.

III. PLANNING OF DISCRETE MILESTONES BY

RRT-CONNECT AND CONTACT ENFORCEMENT

A necessary condition of P to be planned here is that a

pair of adjacent milestones has to share one grounded foot as

expressed by Eq.(2). This is guaranteed by a version of RRT-

connect with contact enforcement[5], where the original RRT

is used instead of RRT-connect in the following description

for ease of explanation. MILESTONERRT(q0, qG) in Algo-

rithm 3 formalizes the entire procedure.
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N is the set of nodes initialized by {q0, qG}, while E is

the set of directed arcs between the nodes in N initialized

as an empty set. The algorithm iteratively expands a tree

from q0 and adds valid arcs to the tree as branches until

it reaches the goal or the number of iteration exceeds its

maximum value kmax (failure case). The output P will be

composed as the shortest path in E from q0 to qG in the

successful case (or nil in the failure case).

At each step of iteration, qrand ∈ Q is randomly sampled

by RAND(Q), and the nearest-neighbor node qnear in the

current tree is found in accordance with the metric defined

for two configurations qi and qj as

d(qi, qj) ≡
1

2

Nl
∑

k=1

∥

∥e(rk(qi), rk(qj))
∥

∥

2
, (3)

where Nl is the number of robot links and rk(q) is the

position and orientation of kth link of the robot for a

configuration q. e(ri, rj) ∈ R
6 means the residual vector

between ri and rj , which is defined as a combination of the

difference vector in Cartesian space for the position and the

equivalent angle-axis vector of diffrence matrix in SO(3) for

the orientation. Refer the paper[11] for detail.

Then, a candidate of the new node q′

new is generated by

moving from qnear toward qrand at a small distance εms by

INTERDIV(qnear, qrand, εms) in Algorithm 3. The internal

divisions in Euclidean sense are available for position of

the base link and joint displacements, while SLERP[12] is

available for orientation of the base link.

For contact enforcement, the set of rPnew and rSnew

should be prepared. From Eq.(2), rSnew = rPnear. On the

other hand, rPnew is computed as follows. If either foot of

qG is within the one-step range from r′

Pnew, we define it as

rPG and rPnew = rPG. Otherwise, rPnew is computed in

such a way that the position and the normal vector of the

new pivot sole coincide with the closest facet and its normal

vector, respectively, in the environment with the minimum

rotation. The detail is described in Appendix. This procedure

is defined by SETTLE(r′

Pnew) in Algorithm 3 and illustrated

by Fig.1. By solving the inverse kinematics for redundant

robots[11], q′

new is modified to qnew which satisfies both

rPnew and rSnew. If the condition (1) is satisfied, the node

qnew and the arc (qnear, qnew) are added to N and E,

respectively. Otherwise, it is discarded. The condition (1)

is checked roughly by using OBB (oriented bounding box)

and finely by GJK algorithm[13]. If rPnew = rPG, qnew is

regarded as qS and the algorithm terminates.

IV. THINNING TECHNIQUE OF MILESTONES

Basically, the raw path acquired in the previous section

is detouring and practically unapplicable. However, it is not

permitted to simply shortcut milestones due to the constraint

(2). Here, the idea of bypass insertion is presented.

Suppose rLi and rRi are combinations of the position

and orientation of the left and right feet, respectively, of

a milestone qi. For two milestones qi and qj (i < j),

qmid is generated as the middle configuration of them.

Algorithm 4 BYPASS(qi, qj)

1: qmid ←INTERDIV(qi, qj , 1/2)

2: if ‖e(rLi, rRj)‖ > dth then

3: qB1 ←nil

4: else

5: qB1 ←IK({rLi, rRj}, qmid)

6: if qB1 /∈ C then

7: qB1 ←nil

8: end if

9: end if

10: if ‖e(rLj , rRi)‖ > dth then

11: qB2 ←nil

12: else

13: qB2 ←IK({rLj , rRi}, qmid)

14: if qB2 /∈ C then

15: qB2 ←nil

16: end if

17: end if

18: return {qB1, qB2}

qB1 qB2

qi

qj

Fig. 2. BYPASS manipulation: two postures are inserted as bypass nodes
through which the robot moves from a node to another only in two steps.

Then, it tries to modify qmid to qB1 which achieves rLi

and rRj simultaneously through the inverse kinematics. If

‖e(rLi, rRi)‖ > dth for a threshold dth or qB1 /∈ C, qB1 is

set for nil. Otherwise, it can be a bypass node through which

the robot moves from qi to qj in two steps. Likewise, qB2

can also be a bypass node if it achieves both rLj and rRi and

qB2 ∈ C. This process is defined by BYPASS in Algorithm

4 and illustrated in Fig.2.

The proposed thinning technique utilizes the above bypass

insertion in two phases as follows. In the first ’rough-

cutting’ phase, two nodes qi and qj in P are picked up

at random and tested if a bypass node is available for them.

Namely, if one of qB1 and qB2 is not nil, the partial path

from qi to qj is deleted and the bypass node is inserted

between them. It is repeated until either it exceeds the

maximum number of trials nsr or the size of P becomes

less than the boundary s. The procedure is explained by

MILESTONESHORTCUTRANDOM(P ) in Algorithm 5. After
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Algorithm 5 MILESTONESHORTCUTRANDOM(P )

Require: P = {q1, · · · , qS}
1: for k = 1 to nsr do

2: qi ←RAND(P ), qj ←RAND(P ) (i < j)

3: if j − i > 2 then

4: if {qB1, qB2} ←BYPASS(qi, qj) then

5: P ← P − {qi, · · · , qj}
6: if qB1 6=nil then

7: P ← P ∪ {qi, qB1, qj}
8: else

9: P ← P ∪ {qi, qB2, qj}
10: end if

11: if SIZE(P )< s then

12: break

13: end if

14: end if

15: end if

16: end for

Algorithm 6 MILESTONESHORTCUTDIJKSTRA(P )

Require: P = {q1, · · · , qS}
1: (N, E)←PATHTOGRAPH(P )

2: for i = 0 to G do

3: for j = G downto i + 3 do

4: if {qB1, qB2} ←BYPASS(qi, qj) then

5: if qB1 6=nil then

6: N ← N ∪ {qB1}
7: E ← E ∪ {(qi, qB1), (qB1, qj)}
8: end if

9: if qB2 6=nil then

10: N ← N ∪ {qB2}
11: E ← E ∪ {(qi, qB2), (qB2, qj)}
12: end if

13: break

14: end if

15: end for

16: end for

17: return P ←DIJKSTRA(N , E, q0, qG)

the size of P is reduced, P is converted to a directed graph

represented by (N, E), where N is a set of nodes and

E is a set of directed arcs. The bypass insertion tests are

conducted for all combinations of non-adjacent nodes in N ,

and the new bypassing arcs are added to E. Then, Dijkstra’s

method[10] is applied in order to update P with the optimum

path for (N,E). MILESTONESHORTCUTDIJKSTRA(P ) in

Algorithm 6 shows this procedure. An important fact is that

it is guaranteed that the optimum solution path exists, since

the original P can be a solution path even in the worst case.

V. SMOOTHING TECHNIQUE OF DISCRETE MILESTONES

Jaggedness of P acquired in the previous section can be

reduced by an averaging technique described in Algorithm

7. Let us consider qi for i = 1 ∼ S − 1. Apart from

the original position and orientation of its pivot foot rPi,

Algorithm 7 MILESTONEAVE(P )

1: for k = 1 to nave do

2: for i = 1 to S − 1 do

3: r′

Pi ←LINKINTERDIV(rPi−2, rPi+2, 1/2)

4: r′

Pi ←SETTLE(r′

Pi)

5: r′

Si+1 ← r′

Pi

6: q′

i ←IK({r′

Pi, rSi}, qi)

7: q′

i+1 ←IK({rPi+1, r
′

Si+1}, qi+1)

8: if q′

i ∈ C and q′

i+1 ∈ C then

9: qi ← q′

i, qi+1 ← q′

i+1

10: end if

11: end for

12: end for

pPi+1
pPi

pPi+2

pPi-2

qi-1

qi

qi+2

qi+1

pPi+2

pPi-2

pPi

pPi’

qi+3 qi+3 qi+3

pPi-1

pPi+1

pPi+3

pPi-1

pPi+3

qi+1’

pPi+1’

qi

qi+2’

qi-1

qi’

qi+1’

qi+2

qi-1

Fig. 3. MILESTONEAVE manipulation: the position and orientation of each
pivot foot is averaged by its before-after locations.

r′

Pi is first computed as the middle division of rPi−2 and

rPi+2 by LINKINTERDIV, and then modified so as to contact

with the closest facet in the environment by SETTLE, where

rP−1 ≡ rS0. r′

Pi also serves as r′

Si+1. Next, qi and qi+1

are modified to q′

i and q′

i+1, respectively, by the inverse

kinematics for contact enforcement to the combination of

{r′

Pi, rSi} and {rPi+1, r
′

Si+1}, respectively. If and only if

both qi ∈ C and qi+1 ∈ C are satisfied, q′

i and q′

i+1 are

accepted and replaced with qi and qi+1, respectively. As the

above process is repeated up to nave times, the change of

double support postures in the sequence is expected to be

moderate as depicted by Fig.3.

VI. EXAMPLES OF BIPED LOCOMOTION PLANNING

Several case studies were conducted in simulations, sup-

posing a humanoid robot[14] in which Nj = 20. The

computer featured CPU Pentium D 3GHz and RAM 1GB.

Fig.4 shows the tested environment which models a life room

with a gate, a slope, steps and some pieces of furniture. The

parameters were εms = 0.2, dth = 0.2, nsr = 500 and

nave = 50.

In the first scenario, the robot climbed up the slope and

passed by the TV set and one of the chairs. The number of

milestones created by MILESTONERRT was 62. In this case,

it was under s, and thus MILESTONESHORTCUTRANDOM

was not applied. MILESTONESHORTCUTDIJKSTRA reduces

milestones to 20 in 6.7[s]. Fig.5 shows the raw and processed

path in which only the loci of the center of mass (COM) are

displayed. Then, the sequence of milestones was smoothened
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Gate

Table

Slope

5cm step

TV set

Chairs

5cm step
Stairs

Fig. 4. Task environment modeling a life environment with a gate, a slope,
steps and some pieces of furniture.

(a) output of

MILESTONERRT

(b) output of

MILESTONESHORTCUTDI-

JKSTRA

Fig. 5. A sequence of discrete postures for a walking motion (only the
center of mass (COM) path is displayed). (a) The number of milestones
output by MILESTONERRT was 62. (b) MILESTONESHORTCUTDIJKSTRA

reduces milestones to 20 in 6.7[s]. In this case, MILESTONESHORTCU-
TRANDOM was not applied since number of milestones of the raw path
was under s.

by MILESTONEAVE, the output of which is shown in Fig.6.

One can see that the footstamps were processed to be ordered

in the result.

Next, the robot went through the gate in the second

scenario. The number of milestones created by MILESTON-

ERRT was 6790, and MILESTONESHORTCUTRANDOM re-

duced them to 12 in 8.9[s]. MILESTONESHORTCUTDI-

JKSTRA was not needed to be applied. For comparison,

the original 6790 milestones were directly input to MILE-

STONESHORTCUTDIJKSTRA, but failed to find the optimum

path even over 1 hour computation. Fig.7 shows the raw and

processed path in which only the loci of COM are displayed.

The last scenario is that the robot travels in the room

(a) output of

MILESTONESHORTCUT

(b) output of

MILESTONEAVE

Fig. 6. A sequence of footstamps before and after MILESTONEAVE. The
smoothing was repeated 50times and consumed 2.5[s] in total.

(a) output of

MILESTONERRT

(b) output of MILE-

STONESHORTCUTRANDOM

Fig. 7. A sequence of discrete postures for a walking-through-gate motion
(only COM path is displayed). (a) The number of milestones output by
MILESTONERRT was 6790. (b) MILESTONESHORTCUTRANDOM reduced
milestones to 12 in 8.9[s].

going down stairs, passing through a gate, climbing up

a slope and getting around furniture. Fig.8 shows foot-

stamps and the locus of COM of the planned trajec-

tory. Fig.8(a) is by only MILESTONERRT. Fig.8(b) is the

result after MILESTONESHORTCUTRANDOM and MILE-

STONESHORTCUTDIJKSTRA. Fig.8(c) shows the output of

MILESTONEAVE. The total computation time for the plan-

ning of discrete milestones was about 3132[s], which is

broken down to 2967[s] for RRT-connect, 155[s] for the

shortcut and 10[s] for the averaging. The total number of

milestones is reduced from 376 to 47 by the shortcut. 44[s]

for the planning and smoothing of continuous trajectories.

The number of nodes and the time for shortcut are listed in

Table I to evaluate the performance of the proposed method.

VII. CONCLUSION

An effective planning of the transition of double support

postures for humanoid robots was proposed. It utilizes RRT-

connect for its high applicability to various, even irregular

but frequently situated environments in our life scenes. It

overcomes the defect of random-sampling-based approach

that the resulted path becomes jaggy and detouring through

some thinning and smoothing techniques. A particular con-

straint posed on the biped locomotion where the left and
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(a) milestones planned by RRT-connect (b) milestones after shortcut (c) milestones after smoothing

Fig. 8. Footstamps and the locus of COM of the planned trajectory.

TABLE I

RESULT: THE NUMBER OF NODES AND TIME FOR SHORTCUT

number of milestones
scenario original shortcut time for shortcut

Slope 62 20 6.7[s]
Gate 6790 12 8.9[s]

Stair+Gate+Slope 376 47 155[s]

right feet alternately lands onto the ground is handled by

the bypass node insertion. Dijkstra’s method optimizes the

path where the existence of a solution path is guaranteed.

It works when combined with the interpolation method for

geometrically and dynamically consistent continuous motion,

which is described in another paper in the future.

APPENDIX

SETTLE(r′

Pnew) is an important procedure for contact

enforcement. As noted in section III, it returns the position

and orientation of one of the foot of qG if it is within the

one-step range from r′

Pnew. This section explains the other

cases which happen more generally.

As the left side of Fig.1 shows, suppose p′

Pnew and ν′

Pnew

are the position vector and the unit normal vector of the new

pivot sole, respectively. Also, suppose penv and νenv are the

position vector and the unit normal vector, respectively, of

the closest facet to the new pivot foot in the environment.

The position of rPnew is simply defined by penv. Concerning

with the orientation, the angle-axis vector ∆ξ which converts

ν′

Pnew to νenv with the minimum rotation shown in the right

side of Fig.1 is defined as

∆ξ ≡ θn (4)

θ ≡ atan2(‖ν′

Pnew × νenv‖, ν
′

Pnew

T
νenv), (5)

n ≡
ν′

Pnew × νenv

‖ν′

Pnew
× νenv‖

. (6)

The equivalent rotation matrix ∆R with the above angle-axis

vector is computed as

∆R = 1 + sin θ[n×] + (1− cos θ)[n×]2, (7)

where [n×] is the outer-product matrix for n. The orientation

of rPnew is obtained by multiplying ∆R from the left side

to the current orientation matrix of the new pivot foot.
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