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Abstract—This paper presents the implied United States Fed-
eral Reserve Bank (FED) policy behavior under multiplicative
model and shock uncertainty, defined through performance ob-
jectives, cases by using historical data. Robust system theory
frameworks are used to empirically study the characteristics
of the FED short-term interest rate-inflation dynamics under
different circumstances by using a single-input single-output
model. The main result of this study demonstrates that the
historical FED actions was conservative under model and shock
uncertainty.

Index Terms—Inflation dynamics, uncertainty, US FED

I. INTRODUCTION

Economic dynamics and optimization have been a central
concern for the economic policy makers, especially for central
bankers and governments, to stabilize the overall behavior
of the economy under uncertainty. It is pointed out that
although policy makers acknowledge model uncertainty, the
type of uncertainty can not be characterized by subjective or
objective probability distributions, which the policy makers
have limited information [1], [2]. Moreover, the term “risk”
is used to refer to the outcomes for known probabilities and
the term “uncertainty” is used for the outcomes for unknown
probabilities [3]. Furthermore, it has been proposed that the
policy makers should act conservatively, i.e., make smaller
changes than the ones suggested by the nominal model, during
the economic stabilization problems involving uncertainty [4].
Mainly, there are two major frameworks to address model
uncertainty in economic policy analysis; Bayesian analysis and
robust systems framework.

Bayesian analysis has widely been used to optimize the
monetary policies. This approach uses an assigned a-priori
probability distribution for each model parameter and opti-
mizes the monetary policy by minimizing the expected loss
against these probability distributions. However, the prior
probability distribution assignment to each model parameter
is difficult and becomes intractable for systems with large
number of parameters. Moreover, the parametric nature of

this approach is prone to more difficult cases under different
regimes of the economic dynamics. Advanced setups such as
varying parameters and learning to update posteriors attempt
to mitigate the shortcomings of this approach [5], [6]. The
Bayesian analysis for macroeconomic stabilization has histori-
cally shown that the monetary policy should be less aggressive
when model uncertainty exists.

Robust systems framework presents a systematic approach
to handle uncertainty in a worst-case scenario, offering an
alternative to Bayesian analysis. Economic policy analysis
has been concurrently developed with available mathemati-
cal resources. When fixed-model optimal control framework
proved to be inefficient to explain real-life paradigms due to
its deficiencies related to model variations and uncertainty,
robust systems framework including model uncertainty and
performance objectives appeared to be the solution starting
in the early 80s, with Zames [7], [8], [9]. However, economic
dynamics analysis by using robust systems framework have
recently become the focus of attention. The robustness of the
monetary decision dynamics under model uncertainty has been
studied in different forms. Since the fixed models did not
account for the uncertainty, there was a practice of averaging
the policy rules for a number of plausible misspecified models
[10]. Although this study did not include formal robust system
techniques, it clearly emphasized the concern for robustness
under model uncertainty. Robust systems framework has been
utilized by a number of studies [11], [12], [13], [14], [15]. One
of the studies [14] used the the structured model uncertainty
in robust systems H, and ¢; frameworks but used the explicit
Taylor rule' as the feedback rule to analyze the characteristics
of the corresponding policy rules. .Their results showed that the
robust system optimization yields more aggressive policy rules

IThe generalized Taylor rule is an estimation of the policy rule over years
and is given as 44 = gx Tt + gyyt, Where i; is the nominal interest rate,
7t is the average of last four quarter inflation rates, y; is the output gap, and
constants g, = 1.5 and g, = 0.5

4588

978-1-4244-2794-9/09/$25.00 ©2009 IEEE



than Linear Quadratic Gaussian framework and that the various
uncertainty descriptions significantly altered the corresponding
robust policy rules. The robust systems optimization, iden-
tification, and model (in)validation frameworks can identify
and optimize different economic problems involving model
uncertainty [16], can quantify the uncertainty in a systematic
way, and can test the model variations with respect to the
uncertainty bounds for the future outputs.

This paper extends the robust systems model identification
and (in)validation concepts [17] to analyze the implied and
historical FED behavior under model and shock uncertainty.
Section 2 covers the robust systems framework, Section 3 fol-
lows with the macroeconomic stabilization problem description
and analysis in detail and Section 4 concludes.

II. ROBUST SYSTEMS FRAMEWORK

Robust systems framework deals with uncertainty in a
typical linear fractional transformation (LFT) framework [18],
combining the system nominal model, a bounded uncertainty,
and a controller. Nominal performance implies the achieved
performance objectives for the nominal plant only and it can be
checked by the norm of the appropriate performance objective
functions. Robust stability ensures the system stability for all
models of the plant family, a linear time-invariant model with
a bounded uncertainty. The small-gain theorem tests the robust
stability by performing an appropriate transfer function norm
test. Robust performance means that the LFT system is both
stable and achieves the desired objectives for all possible plant
models simultaneously. Conveniently, the robust performance
of a system can be determined by using the structured singular
value test for the structured uncertainty case.

Assume that a system is described by

w Gi1 G2 Gus z
el = |Ga Ga Gogf.|d H

Y Gs1 Gz Gss u

el

z = Aw 2
u = Kuy 3)
where the transfer function matrix G denotes the
augmented plant model including the performance
and uncertainty weighting functions, A denotes the

norm-bounded uncertainty such that A € Ba, where
Ba = {A : ]|A|ll,, < 1}, and K denotes the controller.
While 2z, w, uw and y signals are self-explanatory, d
and e signals represent the input and output signals,
respectively, to measure the performance specifications.
Then, the LFT framework, shown in Fig. 1, controller
loop can be closed to achieve the lower LFT representation

G G _
F(G,K) = G; G;;] + [Gi3 Ga3] K(I — Ga3K) 1[G31 G'3o]
w z
such that L = F(G,K). {d}
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Fig. 1. The Robust Systems Framework.

Robust performance problems? are typically handled by
using one block for the model uncertainties (Ay) and another
(fictitious) block (A p) for the performance objectives, yielding
Ay
0 Ap|’
where Ay € Ba, Ap € C™a*™e_ where my and m,. denote
the length of the d and e variables, the performance objective
variables, as shown in Fig. 1.

The robust performance problems with structured uncer-
tainty is solved by using the p-synthesis framework [18]. This
framework defines a structured singular value, (),

the augmented uncertainty structure (A) as A =

pa(F (G, K)) = !

min {7(A) : A € Ba,det(I — F (G, K)ég

and states that the system is stable and has 7(Ty.) < 1,
where &(.) denotes the maximum singular value of the associ-
ated transfer function matrix, if and only if F}(G, K) is stable
and

max  pa(Fi(G, K)(jw)) <1
Therefore, it solves

ua(Fi(G, K)(jw))

min max
K stabilizing w

(6))
Since the exact calculation of pa(.) is not known yet, it
can be approximated by
~ pa(Fi(G,K)(jw))

F(DF(G, K)(jw)D™")

min max min
K stabilizing w DeD

(©)

after a proper D-scaling® and this approximation is performed
by D-K iteration*:

min
DeD

min
K stabilizing

IDE(G,K)D™| @)

2Economic sub-dynamics may involve unstructured or structured uncer-
tainty. If there is no relationship assumed among the uncertainty variables,
i.e., A contains all nonzero elements, it yields a well-known Ho, problem
[19], [20], easier to solve but yields more conservative results. On the other
hand, if the uncertainty block is assumed to have some structure, i.e., A has
some internal structure, it yields a p-synthesis problem [18], harder to solve
but yields better results.

3The elements of D-scaling matrix can take nonzero complex values without
changing the upper bound and the D matrix can be any real, rational, stable
and minimum-phase transfer function.

4The drawbacks of D-K iteration are that the un (.) is approximated by its
upper bound and that the iteration may get stuck at a local minimum.
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III. THE MACROECONOMIC STABILIZATION
PROBLEM

The United States FED has been mandated by law to
conduct the monetary policy to maintain low inflation levels
while ensuring the growth of the economy by utilizing its
various policy control inputs, the short-term interest-rate being
the most effective one. Although there are many economic
variables to optimize, the main objectives of the FED are
the inflation and growth parameters. This study assumes that
the overall economic dynamics between the FED short-term
interest rates and the annual inflation can be represented by
a single-input single-output (SISO) and a deterministic model
and compares the historical and implied FED behavior during
the inflation stabilization problems under model uncertainty.
Furthermore, the proposed framework also treats all other
economic variables as internal dynamic parameters whose
effects are reflected in this SISO model.

The inflation stabilization problem utilizes the nominal sys-
tem model [17] transfer function, which was already analyzed
and validated for the respective historical data:

Y[z]  0.522z% +0.2082° + 0.1842% + 0.276z — 0.024

Ul2] 24— 0.5262% — 0.07422 + 0.13z — 0.506

()
where Y'[z] is the annual inflation output variable and U|z]
is the FED short-term interest rate change. Since the co-norm
is transferable in continuous and discrete-times, the ’bilinear’
o 2(z—1) .

—F Or SR T IS used to
obtain Gy (s), the continuous-time equivalent system model

of G[z], as

G (s) = 0.24265* + 5.6865° + 12.84s + 20.08s + 22.86
NPT TS 17.985% 4 15.258% + 46.25 + 0.4706

. . 14+s5
transformation, z = %7 ~ 2

and it can easily be treated as G(s) = Gy (s)(1+A(s)), where
A(s) € Ba to utilize the multiplicative uncertainty case. It
should be noted that the comparison simulations are done in the
discrete-time after the continuous-time optimization problem is
solved.

Once the underlying economic model has been determined,
the corresponding nominal performance, robust stability and
robust performance issues can be presented by using the robust
systems theory as defined in Sec. II to analyze the implied
nature of the FED policy. A number of different uncertainty
relationships and properties, different weighting functions, and
various exogenous inputs can be utilized to interpret the
FED policy choices. For example, the disturbance rejection
problem block diagram including the nominal plant (G (s)),
a controller (K (s)), a multiplicative uncertainty term (A), an
uncertainty weighting function (W¢(s)), a shock (disturbance)
weighting function (Wy(s)) and an error weighting function,
(We(s)) is shown in Fig. 2. The disturbance or shocks, d(s),
can be anything to affect the inflation rates, such as a sudden
jump in oil prices or natural disasters in large areas.

The robust performance objectives should be determined to
correctly place the appropriate weighting functions. In general,
many performance objectives are defined by using weighted

Fig. 2. The control system interconnection structure.

transfer functions which, in turn, are incorporated to the con-
troller design. Weighting functions can be seen as frequency-
dependent scaling of the corresponding transfer functions or
signals. However, there is no exact established relationships
other than some guidelines between the minimum steady-state
error and the weighting function values, the exact weighting
function selection for different performance objectives is still
an open research area. Therefore, the weighting function
selection process should be iterated to reflect the real-life situ-
ations. Since the FED projects a monetary policy aiming low
inflation levels and sustainable Gross Domestic Product (GDP)
growth rates, the corresponding inflation targeting problems
are supposed to optimize the inflation dynamics under possible
disturbances while maximizing the GDP output. However, the
current model focuses solely on the inflation dynamics, i.e.,
the dynamics between the FED short-term interest rate and
the annual inflation, the minimum tracking error due to the
disturbance input (exogenous shocks) at the inflation output is
taken one of the performance objective and the error weighting
function is chosen to be
S 4+1

We(s) = 10—Lt—— (10)
0.01 + 1

a low-pass filter, to emphasize the steady-state error, i.e., low
frequency behavior, which is assumed to be the main concern
and is placed on the path of the weighted error output, e(s).

The disturbance weighting function Wy(s) can be placed
on the disturbance input path to define the nature of distur-
bance. For example, if the noise type disturbance, i.e., highly
volatile changes, is the main concern, a high-pass filter transfer
function should be used. On the other hand, if sustained
low frequency shocks, i.e., steady changes, are of the main
concern, the Wy(s) should be adjusted properly to reflect
the disturbance spectrum. Once the disturbance weighting
function is determined, the disturbance bound ||d(s)||z < 1
can typically be taken. For simplicity and brevity of the FED
policy analysis, W4(s) = 1 is taken for this section, i.e., all
possible disturbance variations are penalized equally.

The uncertainty weighting function is determined according
to the model uncertainty characteristics such that low and
high frequency model uncertainty components can be reflected.
Since the low frequency behavior is much better understood
than the high frequency behavior, this example assumes that
the model uncertainty at low frequencies is 10 times smaller
with respect to the one at high frequencies, i.e., the uncertainty
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The uncertainty and performance weighting functions
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Fig. 3. The uncertainty and performance weighting functions.

weighting function reflects the 10% uncertainty at the low
frequencies and 100% uncertainty for the high frequencies as
given in (11). The error and uncertainty weighting functions
are also shown in Fig. 3.

+0.1
s+1
Once the weighting functions are properly defined, the con-

trol system in Fig. 2 can be converted into an LFT framework
as shown in Fig. 4.

Wel(s) = 1.282 (11)

Ap
Ag
d(s)w(s) P(S) k(s) ()
u(s) (s)
K(s)

Fig. 4. The macroeconomic stabilization problem in robust systems frame-
work.

The augmented transfer function matrix (P(s)) in Fig. 4
can be easily found by finding the transfer functions between
each input-output pair;

0 0 Gn(s)Wg(s)
P(s) = | We(s) Wa(s)We(s) Gn(s)We(s) (12)
-1 —Wa(s) —Gn(s)

The LFT structure in Fig. 4 can be easily solved by using
the Matlab robust control toolbox [21], designing H., and
w controllers, for the unstructured and structured uncertainty
cases, respectively. The corresponding bounds of selected
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weighting functions for the H., and p-synthesis problems are
shown in Fig. 5.

As seen from Fig. 5, the controller designs for the same
system with different uncertainty structures yielded a lower p
bound than H., bound. This is an expected result since the
u-synthesis framework exploits the uncertainty structure and
always finds a lower or equal value of H., bound. For this
simulation, the worst-case p bound is equal to 0.4576. Since
1 =0.4576 < 1, it implies that the system satisfies the robust
performance and that there is still some room for performance
improvement.

The worst-case Hm and 1 bounds
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Fig. 5. The Hso and p bounds.

The weighting functions specify the a-priori known nature
of each variable and do not exist in the actual closed-loop
system. Therefore, when the overall closed-loop system is
simulated for reference or disturbance inputs, all weighting
functions are removed as shown in Fig. 6.

D[z]

Fig. 6. The macroeconomic stabilization closed loop system.

The closed loop system is proposed as an inflation tracking
system to analyze the historical and implied FED behavior
and is simulated assuming that the historical inflation is the
reference input, R[z], and the estimate of the inflation is the
output variable, Y[z], and the FED fund rate change is the con-
trol action, U[z]. The inflation tracking problem performance
can be studied by using the input-output inflation dynamics,
%, the top plot in Fig. 7. The inflation-FED fund rate



dynamics can be studied by using the desired inflation input,
i.e., the historical inflation rates, and the corresponding FED
control action, %, the bottom plot in Fig. 7. As seen from
Fig. 7, the input-output inflation response has some tracking
error due to loosely chosen weighting functions, especially
the error weighting function. When the corresponding implied
and historical FED control actions are compared, the result
suggests that the implied FED action is more aggressive. It
should be noted that these simulations are closely dependent

on chosen weighting functions.

The historical and estimated inflation rates (Y[z}/R[z])

Dynamic sim.
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Fig. 7. The closed loop system simulations.

The same control system can be used to analyze the implied
FED fund rate behavior against model uncertainty. Since the
system reference signal is historical inflation rates, the same
inflation data is expected to appear at the system output
if the FED fund rate policy was optimal with respect to
the uncertainty and performance objectives chosen for the
underlying problem. This case can be analyzed by adjusting
the error weighting function, W,(s), so that perfect inflation
tracking, i.e., zero steady-state error, occurs. Then, the implied
FED fund rate changes versus historical FED fund rate changes
can be compared. Since the tracking error can be adjusted
by changing the error weighting function, the new weighting
function is adjusted to
i+1

— (13)
oot t1

We(s) =170

The corresponding worst-case ;1 bound is found to be
0.9984, shown in Fig. 8, and the corresponding simulations
for the inflation tracking and FED fund rate changes are given
in Fig. 9. As seen from Fig. 9, the inflation tracking problem
achieved its goal, i.e., the error between the desired and his-
torical inflation is almost negligible. The corresponding actual
historical FED fund rate changes are much more smoother and
smaller in magnitude than the optimally implied FED fund rate
changes, clearly implying that the very conservative central

bank policy. Thus, it can be concluded that, under the case of
model uncertainty and chosen weighting functions, the FED
policy tends to be more cautious and less reactionary, as most
economists believe, than the policies suggested by a nominal

model.

The optimal H_ and p bounds
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Fig. 8. The Hso and p bounds for the (implied) optimal FED behavior.

I'V. CONCLUSION

The main results of this paper are that the formal robust
controller framework offers another avenue to investigate the
uncertainty issues in macroeconomic stabilization problems, in
particular, inflation tracking problems, and another supporting
evidence of the FED behavior under model uncertainty when
its actions are limited to inflation output only, which is more
conservative.

The current analysis can be enhanced by utilizing a multi-
input multi-output model to compare the FED behavior in
different frameworks such as the robust systems framework,
Bayesian analysis and rule-based policy results and in differ-
ent stability and performance objective norms, i.e., a multi-
objective problem.

Although the uncertainty is modeled as a model uncertainty,
the individual model parameters can be assumed varying from
the nominal values by some standard deviation ranges such as
1-standard deviation or 2-standard deviation. These deviations
can be treated as parameter uncertainties and the corresponding
optimization problem can be presented in statistical accuracy
ranges, which is currently preferred by the policy makers.
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