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Abstract— The observer-based integral adaptive fuzzy sliding
mode controllers are developed for a class of uncertain nonlinear
systems. By designing the state observer, the fuzzy systems,
which are used to approach any unknown functions, it can be
constructed using the state observer-based estimations. Based on
Lyapunov stability theorem, the proposed integral adaptive
fuzzy sliding mode control system can guarantee the stability of
the whole closed-loop systems and obtain good tracking
performance as well. The proposed methods are applied to an
inverted pendulum system achieve satisfactory simulation
results.
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I INTRODUCTION

For control applications, suppose mathematical models are
not available, the fuzzy control can provide a good solution
for these problems by incorporating linguistic information
from experts. Control engineers are now facing more and
more complex systems, and the mathematical models of these
systems are more and more difficult to obtain. Thus, in control
engineering, model free approaches become more important,
for example, adaptive control [1], neural network control [2],
fuzzy control [3-6], adaptive fuzzy control [7-9], and adaptive
fuzzy neural control [10-13]. The fuzzy control has been
found more extensive applications for a wide variety of
industrial systems and consumer products.

In the meantime, variable structure systems VSS control [14]
design technique has been developed as a popular robust
strategy to treat uncertain systems with external disturbance,
time-varying parameters and unmodeled dynamics. Reference
[14] presented the integral variable structure control (IVSC)
approach which using an integral controller followed by a
variable structure controller. The variable structure control
gives robust stability for system in the presence of parameter
variations, uncertainties, and disturbances. Recently, adaptive
fuzzy control system designs have been extensively discussed
in the literature [7-9]. In an effort to improve the robustness of
the adaptive fuzzy control system, many works have been
published on the design of adaptive fuzzy sliding mode
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controller (AFSMC).

All these control methods assume that the system states are
available for measurement. Suppose the total states of the
nonlinear system are not available and then a state observer
will be designed to estimate the nonlinear system state.
Recently, some papers show how to apply observers to
estimate the tracking-error vector and design suitable feedback
gains to guarantee the tracking performance. By using an
observer-based output feedback control law, the parameters of
the adaptive fuzzy sliding mode controller can be tuned based
on the Lyapunov stability theorem. Thus, this paper suggests
an observer-based integral adaptive fuzzy sliding mode
controller (IAFSMC). This paper is organized as follows. In
Section II, system description, T-S fuzzy model and sliding
function are addressed. The main results are described in
Section III that includes state observer design and observer-
based IAFSMC. Section IV depicts the simulation results.
Finally, conclusions are given in Section VI.

1L SYSTEM DESCRIPTION, T-S FUZZY MODEL AND SLIDING

FUNCTION
Consider the » th nonlinear dynamical system of the form:

X = (% X" + g, Xy, X+ d (1a)
y=x (1b)
or equivalently of the form:
X=Ax+B(f (x)+ g(x)u+d) (2a)
y=C"x (2b)
where

01 0 .. 0 0 1

0 0 .0 0 0
A= ,B=|:|[,C=

0 0 0 0 1 0 0

00 0 0O 1 0

x =[x, %...,x" T =[x,x,,..,x,]" € R" is a vector of states. Not

all are assumed to be available for measurement.



d: external bounded disturbance;

u€ R: control input;

y€ R: system output;

f(x) and g(x); unknown functions;
and g(x) is, without loss of generality, chosen strictly
positive. It is assumed that the existence of the solution for
(1a) and (1b) are satisfied. It is required that g(x) =0 for all
Only the

system output y is assumed to be measurable. The control

x in a certain controllability region U e R" .

objective is to force the system output y to follow a given
bounded reference signal y, .

The T-S fuzzy model has been proven to be a very good
representation for a certain class of nonlinear dynamic
systems. A nonlinear function of the certain system can be
represented by a set of linear models interpolated by
membership functions (T-S) fuzzy model. The basic
configuration of fuzzy logic systems consists of some fuzzy
IF-THEN rules and a fuzzy inference engine.

The fuzzy inference engine uses the fuzzy IF-THEN rules to
perform a mapping from an input linguistic vector
X =[x x - x]e% to an output linguistic variable ye R .

The i th fuzzy IF-THEN rule is written as:
R®: ifx is Al and ... and x is A’
then y is B’
where Al,Al,..,A’ and B’ are fuzzy sets. Let h be the

number of the fuzzy IF-THEN rules. By using product

inference, center-average and singleton fuzzifier, the output of

the fuzzy logic system can be expressed as

h . n N

PRA( § ZHERD)
j=1

yx)=——5 =0y (x) 3)
> ([ L4 x))

=1 =1

where

4, (x;) : membership function value of fuzzy variable X;

h : number of the IF-THEN rule;
v s point at which g (y") =1;
6" =[y'" y* - "] :adjustable parameter vector;
' = [1//] v’ l//h] : fuzzy basis vector
Where ' is defined as
(T4
V= —— @)

D § FZHED)

=l j=1
The integral sliding surface § of proposed integral variable
structure control system is designed as [2], s=4Z+ATe=0
and
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Z:xl_yd:el ®)
where x, is the output signal, y, is the desired bounded
signal, A, is the gain of the controller
e=[e,é,..e" T =[e,e,,...e,] and Al =[4,4,,..,4,] with

A, =1. If the exact system model is known and the system is

integral

free of the external disturbance d, then s =0, the equivalent
control u,, becomes

1

u,, =%[—f(x)+yf:> +Kle] ©6)
Define integral sliding surface as:
s(t)=y(t)- JZ [7(6) — k,e(t) = kye(D) |t @)

k,#0and k, #0. When s(7) =5(¢) =0, the integral sliding
surface is
é(t)+ke(t)+ke(t)=0 (®)

III.  MAIN RESULTS

Suppose not all the states of the nonlinear system are
measurable, a state observer will be applied to estimate them.

A. State Observer Design
First, define the reference vector y, , the tracking error e

and estimation error vector é as

ym=[v, v o W (%)
e=y,—X (9b)
e=y, X (%¢)

where x and é denote the estimates of x and e ,
respectively. Based on the certainty equivalence approach, the
control law is

(=7 ()+ 2 +Kle]

u(’ = A~
Tg)
(10)
where K! :[k,j’ k,_, kl"] is the feedback gain vector,
which is chosen such that the characteristic polynomial of

A-BK! is Hurwitz, and (A,B) is assumed to be
controllable. The functions f(x) and Z(X) represent the
estimates of the nonlinear functions f(x) and g(x) ,
respectively. From (10), (2a), and (2b), we have
e=Ac-BK[4B[ (v, ~ &)/ (v, —O)H(@(y, —&)e(y, —e)u-d |
(11a)
¢ =C"e
(11b)
where ¢, =y, —» denotes the output tracking error. We have
converted the tracking problem into designing a state observer
for estimating the state e in order to regulate e, to zero.
Consider the following observer that estimates the state
vector e



&=A&-BKT&+K (e, — &,)
& =C"¢

where K! =[k" k¢

(12a)
(12b)
. k"] is the observer gain vector, chosen
such that the characteristic polynomial of A-K_ C" is strictly
Hurwitz and (C,A) is assumed to be observable. Subtracting
(9a), (9b) and (9¢) from (1), we obtain the error dynamics

e =—K'e+[f(%]0,)- f()]+[2(%|6,) - g(x)]u (13)
where
0 1 0 0 0
0 0 1 0 0
A=| .. R N T (14)
0 0 0 0 1 0
—k, —k,, —k, 1
the error dynamics equation
&= Ae+b{[/(%]0,)~ f(0)]+[&(%]0,)]u} (15)

B. Observer-Based IAFSMC

In this section, our task is to use adaptive fuzzy scheme to
approximate the nonlinear functions, and develop an adaptive
control law to adjust the parameters of fuzzy control for the
purpose of forcing the estimation error € to converge to zero.

First, we replace the estimation functions by the fuzzy logic
systems

f,—8[6,)=6/w(y, -9=6]y(R)

&y, —8|0,)=0]w(y,, — =6y () (16b)
In order to derive the control law, the following assumptions
and lemmas must be required:

Assumption 1 [15]: Let x and X belong to compact sets
U, and U_, where

(16a)

U, ={xe R":|x|sm, < oo} (17a)
U, ={ke R":|R]| < m; <o) (17b)

It is known a prior that the optimal parameter vectors 67; and

9; lie in some convex regions:

M, ={6,e R":|6,|<m, } (18a)
M, :{GgeRh :"@"Smgg} (18b)
where the radiuses m, andm,
0, =arg H}"[Elgl [ UsuPU f(x)—j}(f“efﬂ (19a)
o | xeUy, ke U;
6, =arg gflglg: Lésuipéu ‘g(x)—g(fc‘eg)ﬂ (19b)

Assumption 2 [16]: The parameter vector €, is such that

£( )"(| 6,) is bounded away from zero.
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Let the minimum approximation error be defined as:
w=7(x|6)) = F () +[ (2(x]6) ~ g () Ju (20)

Using adaptive fuzzy scheme to approximate the nonlinear
functions f(x) and g(x), from (6), one can get

1 ~
u=——|—f(x0,)+»" +Ke (21)
g(x\eg)[ P, ]
£(x]0,)=0]n(x) (22a)
J(x|0,)=07&(x) (22b)
0, =—ye"PbE(x) (23)
0, =—7,e"Pbn(x)u (24)
Theorem 1: Suppose the adaptive laws are chosen as
—7:¢" PbE(x),if ||6,]| < m, or
6 = (||6:||= my and e" PbOE(x) 2 0
Pr, (=" PbE(x)), if |6, =m, and e’PbO/E(x) <0
(25)
—7,e" Pon(x)u, if |6, ] < m, or
6,= (|6,]|=m,, and e Pb 6] n(x)u >0
Pr, (3,€" Pbn(x)u, ), if HGgH =m, and e’ Pby(x)uf, <0
(26)

where the projection operators [16] Pr,(-x&¢(%)) and

Pr, (—7,¢,0(X)) are given as

aT
Pr, (—7e" PbE(x)) = —7,e PbE(x) + e’ Pb Hf ; (f) & @7
f
and
Pr, (—7,¢" Pbn(x)u) = —y,¢" Pb(x)u + 7,¢ Pbn(x)u gg"(xz)" 6, (28)
HB

From (16), one can find
é= Ae+b[/(x[0,)~ 7(x[60;)]

+[2(%]0,)— &(x[0,)Iur +w} (29)

Substituting (24)-(25) to (30), we can rewrite the error
dynamics as:

é=Ae+b[(0, -0 Y E(x)+ 0, -0, Y n(x)u+wl 30)
Proof:
Define the Lyapunov function candidate as
v :%eTPe+2l7l(0, ~0,) (0, -0)
+i(9g—¢9§)r(9g -6,) (€2))

there exists a positive definite symmetric nXn matrix P
which satisfies the Lyapunov equation .

AP+PA.=-0 (32a)



PB.=C, (32b)
where Q is an arbitrary nXxn positive-definite matrix.
V.= leTPe s
2
v, —L(O -0°)7(0,-0))
2Ty r Y F )

V= 3y 000, =0)).
2
M =b[(0,—6) E(x)+(8, —6) n(x)u+w,
Equation (29) can be rewritten as é = Ae+ M
V=V+V,+V,
. 1l.g 1 4.
Vi=—¢ Pe+—e Pe
2 2

:%(eTAT + MT)Pe+%eTP(Ae+M)

:—%eTQe+eTPM
o 1 2 \T 5 1 N
Vo= 0,88,V =0, -0,

V= —%CTQe+eTwa+i(e/ ~0,)"[6, + 7 Pbe(x) |
N

1 :
+7(eg —~0,)" [0, +7.e"Pbn(x) |
2
Applying (24) and (25) to above equation

V:—%erQe+eTwa (33)

which results in ¥ <0 .

IV. THE ILLUSTRATIVE EXAMPLE

This section presents the simulation results of the proposed
observer-based integral adaptive fuzzy sliding mode controller
for a class of unknown nonlinear dynamical systems to
illustrate that the robust stability for the closed-loop system,
and all signals involved are bounded.

Example: Consider the inverted pendulum stabilizing
problem to demonstrate the robustness of the proposed control
scheme. Let x, be the angle of the pendulum with respect to

the vertical line. The dynamic equations of the inverted
pendulum system [16] are

X | [0 1] x N 0 toutd

‘. =10 o ., 1(f gu+d) (34)
where

fe miX, sinXx, cosXx, —(M +m)gsinx, (35a)

ml cos’ X, —gl(M+m)

-COSX, (35b)

g= 7}
ml cos” x, —gl(M+m)

M is the mass of the cart, m is the mass of the rod,
2=98 iz , is the acceleration due to gravity, / is the half
sec

length of the rod, and u is the control input. In this example,
M=10kg, m=0.1kg, /=0.5m. Also, it is assumed that

the external disturbance d(¢) is a square wave with the
amplitude =5 and the period 27 . Our control objective is to
control the state x, of the system to track the reference
trajectory y, =0.1sin(zz#) when only the system y is
measurable. The feedback and observer gain vectors are given
as K[ =[145 45] and K] =[60 900] . The following

membership functions are

M (%) = exp[—((x, + 7/ 6) (7 24)),
o (%) = exp[—((x, + £ /12) (7] 24))°,
() = exp[~((x,) (] 24))*,

M (x,) = exp[((x, =7 /12) /(7 / 24))*,
Hppg (%) = exp[~((x, =7/ 6) /(7 24))°

Because the estimation states are two, the total fuzzy rules are

twenty-five. Fig. 1 shows membership functions. Suppose the

initial state is [7/60,0] | parameters are set as 0 r =0g =0.1,
10 0 . .

Q{O 10} 7,=50, and y, =1, then the simulation results

2
1 — o o s '
Y 7\ 7 7 rs
LES \ [ [\ [
/ /
| \ / | \’ \ /
L ! '
= | A U N U B

o o
> N

——
e

Membership function degree
s
-]

o
by

°
=
T
—

02t [ 5N

01t / \ / \
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Fig. 1. Membership functions
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Fig.

Control input

fx and estiamted fx

4. Time responses of real f(x) and f(x)— f (x).

Position tracking

0 5 10 15 20 25 30

time(s)

Fig. 2. Time responses of the states.

3
time(s)

Fig. 3. Time response of control input.
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g and estimated gx

PV U N
/ e

e

o L smren s
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time(s)

Fig. 5. Time responses of real g(x) and g(x)—g(x).

are described in Figures 2 to 4. Figure 2 depicts that the state
x, can indeed track the reference trajectory. Figure 3 shows

that the magnitude of control input is bounded within 10 V.
One can find from Figures 4 and 5 that both f(x)— f (x) and

g(x)—g(x) are bounded and close to zero.

V. CONCLUSION

In this paper, the observer-based integral adaptive fuzzy
sliding mode controller for a class of unknown nonlinear
dynamical systems is developed. The observer-based adaptive
output feedback control law and update law to tune on-line the
adaptive factors of the adaptive fuzzy sliding mode controller
are derived. The system nonlinearities approximated by
adaptive fuzzy sliding mode are not assumed to be functions
of the system states. The overall adaptive scheme provides
robust stability for the closed-loop system and guarantees that
all signals involved are bounded. Finally, this method has
been applied to control the inverted pendulum to track a
reference trajectory. The computer simulation results show
that the adaptive controller can perform successful control and
achieve desired performance.
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