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Abstract—Methods to accurately analyze financial risk have
drawn considerable attention in financial institutions. One diffi-
culty in financial risk analysis is the fact that banks and other
financial institutions invest in several assets which show time-
varying volatilities and hence time-varying financial risk. In
addition, these assets are typically correlated and the correlation
between different assets may change over time. Such changes
in the multivariate volatility structure of the assets lead to
substantial changes in the financial risk of a portfolio held
by the financial institution. Therefore analyzing changes in
the volatility of assets in a multivariate setting is essential to
document changing risk properties of financial institutions. In
this paper we propose a Probabilistic Fuzzy System (PFS) to
model the unobserved time-varying correlation between a large
set of financial returns. We define a parsimonious PFS where
the current pairwise correlations between assets depend on two
antecedent variables, namely the minimum and maximum past
correlation in the market. We exemplify the proposed PFS
model in six pairwise correlations for four industry portfolios
in the US and show that the proposed method captures time-
varying pairwise correlations while keeping the antecedent space
parsimonious. Furthermore, we show that a portfolio investor
that invests in these US industries calculates a lower risk for
his/her portfolio when time-varying correlation estimates are not
taken into account.

I. INTRODUCTION

Assessing measures of risk for financial returns has an
important role in investment decisions, portfolio analysis and
regulatory purposes [1], [2]. Accurate financial risk analysis
has drawn considerable attention after the recent financial
crisis [2], [3]. Measures of risk often need to be analyzed for
more than one financial asset since most investment decisions
are based on a selected portfolio of multiple assets, where the
investor aims to diversify of risk [4].

For a univariate time series of financial returns, the associ-
ated risk changes considerable over time, which is denoted by
time-varying conditional volatility in asset returns [5]. Meth-
ods which avoid strong distributional assumptions prove to be
useful for estimating such time-varying volatility [6], [7], [8],
[9], [10]. For multiple financial returns, rather than modeling
assets in a univariate manner, several multivariate models have

been developed with specifications able to model and predict
the temporal dependence in the second-order moments of
many assets taking into account the correlated behavior of
different assets [11], [12], [13], [14]. These models provide
insight into stylized effects in assets returns such as time-
varying correlations, portfolio diversification and contagion.
For example, if the portfolio is based on two negatively
correlated stocks, the portfolio is said to be ‘well-diversified’
with small risk [4]. Thus an accurate risk calculation, e.g. for
a portfolio of financial assets, requires the accurate calculation
of assets’ correlation at the given decision time.

Earlier research has shown that correlations between finan-
cial returns change over time, and these changing correlations
are driven by common factors such as a financial crisis
[15]. Different methodologies, with different distributional
assumptions for correlation, have been proposed to calculate
time-varying correlations for returns. Parametric models are
proposed to estimate correlations between returns as well
as other model parameters [16]. Alternative methodologies
are based on moving window correlation estimates, where
time-varying correlation at a given time is approximated by
a proxy, namely the sample correlation at a selected time
window. Moving window estimates have the advantage of
avoiding strong distributional assumptions and are shown to
perform well particularly in forecasting [17]. However, these
estimates are also shown to be sensitive to the selection of a
window size and there is a natural trade-off between capturing
time variation in correlations and obtaining an accurate proxy
for correlation at a given time. In [18], a PFS model is
developed for modeling time-varying correlations of financial
returns. It is also shown that the PFS model for conditional
correlation captures time varying correlation and conditional
volatility without an underlying restricted statistical model for
the correlations for a single correlation between two stock
market indices. PFS has also been shown to perform well for
conditional volatility and risk estimation [19], [7], [9].

In [18] a PFS model is presented where the pairwise corre-
lations between two specific assets depend on the pairwise



correlation of these assets in the last period. For multiple
assets, it is intuitive that the correlation between two specific
assets also depend on other pairwise correlations and the
overall market properties in general. Such an extension of the
PFS model requires a large antecedent space for the PFS model
especially when the number of assets, hence the number of
pairwise correlations between assets is high. In this paper, we
extend the PFS model in [18] to model multivariate pairwise
correlations between a large set of returns where correlations
between assets can depend on the past correlation between
all assets. The proposed model is refined to be parsimonious
in the sense that past correlations are summarized using two
antecedent variables, namely the minimum and maximum past
correlation in the market. The proposed model is also different
from the earlier PFS models since the antecedent and the
consequent variables of the system are based on proxies,
i.e. approximations of time-varying correlations instead of
observed data.

We apply the proposed parsimonious PFS model to six
pairwise correlations for four industry portfolios in the US and
show that the proposed method captures time varying pairwise
correlations while keeping the antecedent space parsimonious.
We show that taking time-varying correlation into account
leads to higher risk estimates for a portfolio investor. The
proposed PFS model thus is useful to assess the portfolio risk
accurately. Finally, we compare the proposed multivariate PFS
with the univariate correlation model in [18]. The obtained
univariate correlation results are in general in line with those
from the proposed PFS. Despite this similarity, we show that
the univariate PFS model results cannot be used to assess the
portfolio risk due to the violation of the necessary conditions
of a positive definite multivariate volatility matrix.

II. PROBABILISTIC FUZZY SYSTEMS

A probabilistic fuzzy system follows an idea similar to [20],
[21] where the different concepts [22], [23], [24], [25] of fuzzy
sets and probabilities are complementary [23]. In this work we
consider that the probabilistic uncertainty relate to aleatoric
variability, while fuzzy sets are used to represent gradualness,
epistemic uncertainty or bipolarity [24], [26].

The PFS consists of a set of rules whose antecedents
are fuzzy conditions and whose consequents are probability
distributions. Assuming that the input space is a subset of ℝ𝑛

and that the rule consequents are defined on a finite domain
𝑌 ⊆ ℝ, a probabilistic fuzzy system consists of a system of
rules 𝑅𝑞, 𝑞 = 1, . . . , 𝑄, of the type

𝑅𝑞 : If x is 𝐴𝑞 then 𝑓(𝑦) is 𝑓(𝑦∣𝐴𝑞) , (1)

where x ∈ ℝ
𝑛 is an input vector, 𝐴𝑞 : 𝑋 −→ [0, 1] is a

fuzzy set defined on 𝑋 and 𝑓(𝑦∣𝐴𝑞) is the conditional pdf
of the stochastic output variable 𝑦 given the fuzzy event 𝐴𝑞 .
The interpretation is as follows: if fuzzy antecedent 𝐴𝑞 is
fully valid (𝑥 ∈ core(𝐴𝑞)), then 𝑦 is a sample value from
the probability distribution with conditional pdf 𝑓(𝑦∣𝐴𝑞).

A PFS has been described with two possible and equivalent
reasoning mechanisms, namely the fuzzy histogram approach

and the probabilistic fuzzy output approach [27]. We sum-
marize these reasoning mechanisms, and refer to [27] for a
detailed description. In both cases, we suppose that 𝐽 fuzzy
classes 𝐶𝑗 form a fuzzy partition of the compact output space
𝑌 .

A. Fuzzy histogram model

In the fuzzy histogram model, the true unobserved pdf
𝑓(𝑦∣𝐴𝑞) of each rule in (1) is replaced by its fuzzy approxi-
mation 𝑓(𝑦∣𝐴𝑞), yielding the rules for 𝑞 = 1, . . . , 𝑄

�̂�𝑞 : If x is 𝐴𝑞 then 𝑓(𝑦) is 𝑓(𝑦∣𝐴𝑞) , (2)

where 𝑓(𝑦∣𝐴𝑞) is a fuzzy histogram conform [28]

𝑓(𝑦∣𝐴𝑞) =

𝐽∑
𝑗=1

P̂r(𝐶𝑗 ∣𝐴𝑞)𝑢𝐶𝑗
(𝑦)∫∞

−∞ 𝑢𝐶𝑗
(𝑦)𝑑𝑦

, (3)

and fuzzy classes 𝐶1, . . . , 𝐶𝐽 form a fuzzy partition of the
compact output space 𝑌 . Fuzzy histograms have a high level
of statistical efficiency due to the overlapping membership
functions.

The output of a probabilistic fuzzy system of the form (2)-
(3) has a proper pdf under the following necessary conditions
for the probability parameters

𝐽∑
𝑗=1

P̂r(𝐶𝑗 ∣𝐴𝑞) = 1, P̂r(𝐶𝑗 ∣𝐴𝑞) ≥ 0, ∀𝑗, 𝑞. (4)

B. Probabilistic fuzzy output model

In the probabilistic fuzzy output approach, also referred to
as Mamdani PFS [29], [19], [30], each rule output in (1) is
defined with the following stochastic mapping between fuzzy
antecedents and fuzzy consequents form

Rule �̂�𝑞: If x is 𝐴𝑞 then 𝑦 is 𝐶1 with P̂r(𝐶1∣𝐴𝑞) and

. . .

𝑦 is 𝐶𝐽 with P̂r(𝐶𝐽 ∣𝐴𝑞), (5)

where P̂r(𝐶𝑗 ∣𝐴𝑞) for 𝑗 = 1, . . . , 𝐽 and 𝑞 = 1, . . . , 𝑄
are estimates of probability parameters satisfying condition
(4), and PFS rules specify a probability distribution over a
collection of fuzzy sets 𝐶1, . . . , 𝐶𝐽 , partitioning the output
space 𝑌 .

C. Equivalence of reasoning mechanisms

Although the fuzzy rule bases (2) and (5) are different,
it can be shown that the two corresponding probabilistic
fuzzy systems implement the same crisp input-output mapping
[27]. Let 𝛽𝑞(x) = 𝑢𝐴𝑞

(x)/
∑𝑄

𝑞′=1 𝑢𝐴𝑞′ (x) be the normalised
degree of fulfilment of rule 𝑅𝑞, where 𝑢𝐴𝑞

is the degree
of fulfilment of rule 𝑅𝑞. When x is 𝑛-dimensional, 𝑢𝐴𝑞

is
determined as a conjunction of the individual memberships in
the antecedents computed by a suitable t-norm, i.e. ,

𝑢𝐴𝑞
(x) = 𝑢𝐴𝑞1

(𝑥1) ∘ ⋅ ⋅ ⋅ ∘ 𝑢𝐴𝑞𝑛
(𝑥𝑛), (6)

where 𝑥𝑖, 𝑖 = 1, . . . , 𝑛 is the 𝑖-th component of x and ∘
denotes a t-norm. The output of the fuzzy rules (5) is a



conditional probability density function as presented in (2),
if an additive reasoning scheme is used with multiplicative
aggregation of the rule antecedents [27].

The conditional output probability distribution function
𝑓(𝑦∣x) given an input vector x is

𝑓(𝑦∣x) =
𝐽∑

𝑗=1

𝑄∑
𝑞=1

𝛽𝑞(x)P̂r(𝐶𝑗 ∣𝐴𝑞)
𝑢𝐶𝑗

(𝑦)∫∞
−∞ 𝑢𝐶𝑗

(𝑦)𝑑𝑦
, (7)

assuming that the output space is well-formed [27], i.e. that

𝐽∑
𝑗=1

𝑢𝐶𝑗
(𝑦) = 1, ∀𝑦 ∈ 𝑌. (8)

Under these conditions, a crisp output using the expected value
can be calculated based on the probability distribution function
𝑓(𝑦∣x)

�̂�𝑦∣x = �̂�(𝑦∣x) =
∫ ∞

−∞
𝑦𝑓(𝑦∣x)𝑑𝑦 (9)

=

𝑄∑
𝑞=1

𝐽∑
𝑗=1

𝛽𝑞(x)P̂r(𝐶𝑗 ∣𝐴𝑞)𝑧1,𝑗 , (10)

where 𝑧1,𝑗 =
∫∞
−∞ 𝑦𝑢𝐶𝑗

(𝑦)𝑑𝑦/
∫∞
−∞ 𝑢𝐶𝑗

(𝑦)𝑑𝑦 is the centroid
of the 𝑗th output fuzzy set.

III. MULTIVARIATE VOLATILITY MODELING USING PFS

In this paper we extend the PFS model for a single cor-
relation in [18] to a PFS model for multivariate volatility
modeling. Specifically, we define a PFS model for the pairwise
correlations for the multivariate volatility of 𝑛 returns, denoted
by 𝑦𝑡 = (𝑦1,𝑡, 𝑦2,𝑡, . . . , 𝑦𝑛,𝑡)

′ where the returns are defined as

𝑦𝑡 = 𝐻
1/2
𝑡 𝑧𝑡 (11)

for 𝑡 = 1, . . . , 𝑇 time periods. In (11), the unobserved variable
𝑧𝑡 = (𝑧1,𝑡, . . . , 𝑧𝑛,𝑡)

′ is such that 𝑧𝑖,𝑡 for 𝑖 = 1, . . . , 𝑛 are
random variables with mean 0 and variance 1, 𝐻𝑡 is a 𝑛× 𝑛
positive definite matrix and 𝐻1/2

𝑡 denotes the Choleski decom-
position of 𝐻𝑡. In addition, the 𝑛 × 𝑛 matrix 𝐻𝑡 = Var(𝑦𝑡)
represents the time-varying variance-covariances of 𝑦𝑡, which
by construction are not observable.

Different models have been proposed to model the time-
varying conditional variance-covariance matrix 𝐻𝑡 in (11).
Conventional methods for multivariate correlation analysis
make use of the dependency of the current covariances 𝐻𝑡 and
past covariances 𝐻𝑡−1, . . . , 𝐻𝑡−𝑝 leading to smooth changes
in the variance-covariance structure over time [16]. Particu-
larly for large 𝑛, ensuring a positive definite matrix 𝐻𝑡 is
cumbersome. This necessary condition may lead to additional
parameter restrictions in models [16].

The following decomposition of the variance-covariance
matrix is often used to identify variances and correlation
coefficients [16]:

𝐻𝑡 = 𝐷𝑡𝑅𝑡𝐷𝑡 (12)

𝐷𝑡 =

⎛
⎜⎜⎝
ℎ
1/2
1,1,𝑡 0

. . .

0 ℎ
1/2
2,2,𝑡

⎞
⎟⎟⎠ (13)

𝑅𝑡 =

⎛
⎜⎜⎜⎝

1 𝜌1,1,𝑡 . . . 𝜌1,𝑛,𝑡
𝜌1,1,𝑡 1 𝜌2,𝑛,𝑡

...
. . .

...
𝜌𝑛,1,𝑡 𝜌𝑛,2,𝑡 . . . 1

⎞
⎟⎟⎟⎠ (14)

where the off-diagonal elements of 𝑅𝑡 includes all pairwise
correlations 𝜌𝑖,𝑗,𝑡 and 𝜌𝑖,𝑗,𝑡 = 𝜌𝑗,𝑖,𝑡 by definition.

The covariance matrix decomposition in (12) ensures a
positive definite matrix 𝐻𝑡 in a univariate correlation case with
𝑛 = 2 provided that the diagonal elements of 𝐷𝑡 are positive
and 𝜌1,2,𝑡 ∈ (−1, 1) in all time periods 𝑡. Ensuring that 𝐻𝑡 is
positive definite is more involved when 𝑛 > 2. We illustrate
this for 𝑛 = 3 and the following numerical values

𝐻𝑡 = 𝐷𝑡𝑅𝑡𝐷𝑡 (15)

=

⎛
⎝1 0 0
0 1 0
0 0 1

⎞
⎠

⎛
⎝ 1.0 −0.4 0.6
−0.4 1.0 0.9
0.6 0.9 1.0

⎞
⎠

⎛
⎝1 0 0
0 1 0
0 0 1

⎞
⎠ ,(16)

where det(𝐻𝑡) = det(𝑅𝑡) = −0.76 and 𝐻𝑡 is not a positive
definite matrix. In this multivariate volatility setting, although
the diagonal elements in 𝐷𝑡 are positive and 𝜌𝑖,𝑗,𝑡 ∈ (−1, 1)
for all 𝑡, the resulting multivariate correlation matrix may fail
to satisfy the positive definiteness condition. The necessary
condition of correlations instead is a positive definite correla-
tion matrix 𝑅𝑡, with det(𝑅𝑡) > 0. In this paper, we do not
explicitly deal with the conditions to satisfy a positive definite
𝑅𝑡. We instead check whether this condition is satisfied with
the obtained parameter values.

The diagonal elements of the matrix 𝐷𝑡 can be estimated
using a given conditional volatility model for each series, as
shown in [18]. For a crude estimation of the correlation co-
efficients 𝜌𝑖,𝑗,𝑡, moving–window (MW) correlation estimates
𝜌𝑡 using window length 𝑚 can be calculated using Pearson’s
linear correlation coefficient:

�̂�𝑖,𝑡 =

∑𝑡
𝑡′=𝑡−𝑚+1 𝑦𝑖,𝑡′

𝑚
, for 𝑖 = 1, . . . , 𝑛 (17)

�̂�2𝑖,𝑡 =

∑𝑡
𝑡′=𝑡−𝑚+1(𝑦𝑖,𝑡′ − �̂�𝑖,𝑡)2

𝑚− 1
, for 𝑖 = 1, . . . , 𝑛 (18)

𝜌
(𝑚)
𝑖,𝑗,𝑡 =

𝑡∑
𝑡′=𝑡−𝑚+1

(𝑦𝑖,𝑡′ − �̂�𝑖,𝑡)(𝑦𝑗,𝑡′ − �̂�𝑗,𝑡)
(𝑚− 1)𝜎𝑖,𝑡𝜎𝑗,𝑡

. (19)

The PFS model we propose makes use of the MW cor-
relation estimates in (17)–(19) to obtain the antecedent and
consequent variables. Specifically, we define the following
PFS rules for 𝑞 = 1, . . . , 𝑄:

�̂�𝑞 : If min
𝑖,𝑗
𝜌
(𝑚)
𝑖,𝑗,𝑡−1 is 𝐴𝑞1 and max

𝑖,𝑗
𝜌
(𝑚)
𝑖,𝑗,𝑡−1 is 𝐴𝑞2 then

𝑓(𝜌
(𝑚)
𝑖,𝑗,𝑡) is 𝑓(𝜌(𝑚)

𝑖,𝑗,𝑡∣𝐴𝑞1, 𝐴𝑞2) , (20)

where 𝑖 = 1, . . . , 𝑛 − 1, 𝑗 = 𝑖 + 1, . . . , 𝑛, denotes the



asset indices for pairwise correlations, 𝑡 denotes the time
period, the consequents are estimated using (19) with a pre-
selected window size 𝑚, and 𝑓(𝜌(𝑚)

𝑡 ∣𝐴𝑞) is a fuzzy histogram
described as [28]

𝑓(𝜌
(𝑚)
𝑖,𝑗,𝑡∣𝐴𝑞) =

𝐽∑
𝑗=1

P̂r(𝐶𝑗 ∣𝐴𝑞)𝑢𝐶𝑗
(𝜌

(𝑚)
𝑖,𝑗,𝑡)∫∞

−∞ 𝑢𝐶𝑗
(𝜌

(𝑚)
𝑡 )𝑑𝜌

(𝑚)
𝑖,𝑗,𝑡

. (21)

The equivalent probabilist fuzzy output model as defined in
Section II-B is defined as:

�̂�𝑞 : If min
𝑖,𝑗
𝜌
(𝑚)
𝑖,𝑗,𝑡−1 is 𝐴𝑞1 and max

𝑖,𝑗
𝜌
(𝑚)
𝑖,𝑗,𝑡−1 is 𝐴𝑞2 then

𝑦 is 𝐶1 with P̂r(𝐶1∣𝐴𝑞1, 𝐴𝑞2) and

. . .

𝑦 is 𝐶𝐽 with P̂r(𝐶𝐽 ∣𝐴𝑞1, 𝐴𝑞2), (22)

The antecedents variables

𝜌
(𝑚)
𝑡−1 = {min

𝑖,𝑗
𝜌
(𝑚)
𝑖,𝑗,𝑡−1,max

𝑖,𝑗
𝜌
(𝑚)
𝑖,𝑗,𝑡−1}, (23)

define only two antecedent variables from 𝑛 × (𝑛 − 1)/2
pairwise correlations at each time period. This definition
leads to three properties. First, similar to [18], the antecedent
and the consequent variables are only approximations of the
real variable of interest, correlations. Second, as opposed to
the PFS model for correlation in [18], pairwise correlations
between two specific assets does not specifically depend on the
past correlation between these two assets, but instead depends
on the extreme correlation values in the whole space of assets.
Third, the antecedent space of PFS is parsimonious even when
a large number of assets, hence a large number of pairwise
correlations are modeled through PFS.

The parameters of the probabilistic fuzzy systems consist
of the number of rules in the system, the parameters of the
antecedent and consequent membership functions (i.e. number,
type, location, etc.), and the probability parameters P̂r(𝐶𝑗 ∣𝐴𝑞)
of the stochastic mapping between the antecedent and the
consequents. These parameters are estimated using a procedure
similar to [9], where the optimization problem is divided in
two parts. First we obtain the input membership parameters by
using a fuzzy clustering heuristic, that uses the fuzzy c-means
algorithm, set the output membership parameters as Gaussian,
shouldered at the edges and finally optimize the probability
parameters P̂r(𝐶𝑗 ∣𝐴𝑞) using maximum likelihood estimation.
This two step optimization problem follows the distinction
between input and output present in the rule structure of (2).

In this work we determine the parameters of the antecedent
membership functions by using a fuzzy clustering heuristic,
that uses the fuzzy c-means algorithm [31] on the product
space of the antecedent variables, to obtain a fuzzy partition
matrix 𝑈 = [𝑢𝑞𝑖] for 𝑝 = 1, . . . , 𝑃 samples, where 𝑖 =
1, . . . , 𝑛. One dimensional fuzzy sets 𝐴𝑞𝑖 are obtained from
the multidimensional fuzzy sets by projections onto the space
of the input variables 𝑋 . This is expressed by the point-wise
projection operator 𝑢𝐴𝑞𝑖

(𝑥𝑖𝑝) = proj𝑞(𝑢𝑞𝑖). The point-wise
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Fig. 1. Monthly percentage returns from equally weighted portfolios for four
US industries.

defined fuzzy sets 𝐴𝑞𝑖 are then approximated by appropriate
parametric functions. In this work we choose a combination
of Gaussian membership functions of the form

𝑓(𝑥𝑞𝑖;𝜎
1
𝑞𝑖, 𝑐

1
𝑞𝑖, 𝜎

2
𝑞𝑖, 𝑐

2
𝑞𝑖) = 𝑒

(−(𝑥𝑞𝑖−𝑐1𝑞𝑖)
2

2(𝜎1
𝑞𝑖

)2
+

−(𝑥𝑞𝑖−𝑐2𝑞𝑖)
2

2(𝜎2
𝑞𝑖

)2

)
. (24)

The output membership functions are triangular, as this is
a convenient manner to satisfy (8) and fuzzy histograms built
with these type of membership functions exhibit a high level
of computational efficiency [32]. To satisfy (8) no matter how
extreme the values may be and to ensure that the domain is al-
ways covered by the fuzzy partition, the membership functions
are shouldered at the edges of the domain. The edges of the
domain are set as the minimum and maximum of the output
variables, which are the moving window correlation estimates.
The output membership functions are uniformly distributed
over the universe of discourse. Assuming that the membership
functions in the rule antecedents have been defined, and the
type of consequent membership functions and their distribution
are known, the optimal probability parameters P̂r(𝐶𝑗 ∣𝐴𝑞) and
location of the output membership functions can be determined
by using maximum likelihood estimation. Using (7) the log-
likelihood for 𝑃 samples of x𝑝 can be written as [33]

𝐿 =
𝑃∑

𝑝=1

ln

⎛
⎝ 𝐽∑

𝑗=1

𝑄∑
𝑞=1

𝛽𝑞(x𝑝)P̂r(𝐶𝑗 ∣𝐴𝑞)
𝑢𝐶𝑗

(𝑦𝑝)∫∞
−∞ 𝑢𝐶𝑗

(𝑦)𝑑𝑦

⎞
⎠
(25)

where 𝑢𝐴𝑞
is calculated using (6). In (25) it is assumed that

the samples in the data set are independent of one another.
The probability parameters P̂r(𝐶𝑗 ∣𝐴𝑞) must satisfy (4).

IV. APPLICATION TO US INDUSTRY PORTFOLIOS

We apply the proposed PFS model to monthly returns from
four US industry portfolios between 1926 M7 and 2015 M7.
The four selected industries are the non-durable goods, durable
goods, manufacturing and energy industries. Each industry
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(a) Six pairwise moving window correlation estimates, 𝜌𝑖,𝑗,𝑡.
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(b) Antecedent variables for PFS from pairwise moving window correlation
estimates, min𝑖,𝑗 𝜌𝑖,𝑗,𝑡,max𝑖,𝑗 𝜌𝑖,𝑗,𝑡.

Fig. 2. Consequent and antecedent variables for PFS from moving window
estimation.

portfolio is an equally weighted portfolio that invests equally
on each stock within the industry. Portfolios constructed
from these industry portfolios are analyzed extensively in the
literature [34], [35].

Percentage returns from each industry portfolio are shown
in Fig. 1. These four industry portfolios lead to 6 unobserved
and possibly time-varying pairwise correlations, 𝜌𝑖,𝑗,𝑡, for 𝑖 =
1, . . . , 𝑛− 1, 𝑗 = 𝑖+1, . . . , 𝑛, 𝑛 = 6, at each time period 𝑡 =
1, . . . , 𝑇 . Monthly returns of each industry vary substantially
over the considered time period, with clear extreme returns
before 1950s and during the recent financial crisis.

In order to obtain the consequents, 𝜌𝑖,𝑗,𝑡, of PFS, we use
moving window correlation estimates for each time period 𝑡
using (19) with a window length of 𝑀 = 5 for each pairwise
correlation. The antecedent variables of PFS are defined as the
the minimum and maximum values in the last period, denoted
by min𝑖,𝑗(𝜌𝑖,𝑗,𝑡−1),max𝑖,𝑗(𝜌𝑖,𝑗,𝑡−1). The obtained correlation
values are shown in Fig. 2a for each pairwise correlation.
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Fig. 3. Antecedent memberships for the PFS model.
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Fig. 4. Consequent memberships for the PFS model for the pairwise
correlation between ‘NoDur’ and ‘Durbl’.

We note that the conventional method of obtaining correlation
estimates from moving window averages leads to very volatile
correlation estimates, and the obtained results are very sensi-
tive to the choice of the window size, as discussed in [18]. In
addition, the variables min𝑖,𝑗(𝜌𝑖,𝑗,𝑡−1),max𝑖,𝑗(𝜌𝑖,𝑗,𝑡−1) used
as input for the PFS model are shown in Fig. 2b. Similarly
to the pairwise correlations obtained from moving windows,
these variables minimum and maximum correlation estimates
at each time period, which are used as input for the PFS model,
are also volatile as Fig. 2b shows. We note that this definition
of minimum and maximum values of past correlation as PFS
input variables provides a parsimonious antecedent space with
two antecedent variables, and all consequent variables are
explained by these two antecedent variables.

The proposed PFS model is estimated with 4 antecedent
and 9 consequent membership functions. The obtained input
membership functions are shown in Fig. 3 while the output
membership functions are shown in Fig. 4. The fuzzy member-
ship functions for maximum past correlation shown in Fig. 3a,
are concentrated around high correlation values above 0.5. On
the other hand the membership functions for minimum past
correlation shown in Fig. 3b, are concentrated around positive
correlation values above 0.

We next present the correlation estimates from the PFS
model in Fig. 5a. The estimates for each pairwise correlation
and time period are obtained using the crisp output of a
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(a) Crisp output of the proposed PFS model.
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(b) Crisp output of the univariate PFS model in [18].

Fig. 5. Six pairwise correlation estimates from the multivariate and univariate
PFS models.

PFS model given by (10). Estimated pairwise correlations
vary substantially over time. A particularly interesting high-
correlation pattern is observed during the last financial crisis
and a decrease in correlation values after 2011. We note
that the obtained PFS correlations in Fig. 5a are smoother
than those moving window estimates of PFS antecedent and
consequent variables in Fig. 2a and Fig. 2b. This is a desired
result as we do not expect correlation between different assets
to change drastically at each time period, but rather vary
gradually. The proposed PFS model captures time-varying
pairwise correlations between assets without an underlying
restricted statistical model for the correlations.

Other properties of pairwise correlations can be inferred
from the PFS output, using the probabilistic fuzzy output
approach. For example, different consequent variables and
PFS probabilities are obtained for each pairwise correlation in
the system, although all pairwise correlations have the same
antecedent variables. Due to space limitations, we report the
optimized PFS probabilities for two pairwise correlations in

TABLE I
OPTIMIZED PFS PROBABILITIES FOR SELECTED PAIRWISE CORRELATIONS

FOR 𝑄 INPUT AND 𝐽 OUTPUT MEMBERSHIPS.

‘NoDur’ and ‘Enrgy’
Consequent

Rule 1 2 3 4 5 6 7 8 9
1 0.00 0.18 0.29 0.17 0.20 0.11 0.05 0.00 0.00
2 0.00 0.00 0.04 0.09 0.38 0.24 0.22 0.03 0.00
3 0.00 0.00 0.00 0.02 0.05 0.34 0.41 0.18 0.00
4 0.00 0.00 0.00 0.00 0.00 0.00 0.05 0.70 0.24

‘Manuf’ and ‘Enrgy’
Consequent

Rule 1 2 3 4 5 6 7 8 9
1 0.01 0.00 0.11 0.13 0.20 0.24 0.19 0.12 0.00
2 0.00 0.00 0.00 0.01 0.07 0.44 0.28 0.20 0.00
3 0.00 0.00 0.00 0.00 0.02 0.04 0.49 0.43 0.02
4 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.47 0.51

Table I. In general, high correlation values, corresponding to
high 𝐽 values, have a higher probability compared to low cor-
relation values regardless of the antecedent values. Even when
both antecedent variables have small values, corresponding to
low 𝑄 values, the next period’s correlation is expected to be
high. Still, there are clear heterogeneities between pairwise
correlations. For example, the top panel of Table I shows that
the pairwise correlation between manufacturing and energy
sectors are in general higher than than the pairwise correlation
between the non-durables and energy sectors, independent of
the antecedent values.

An interesting question is how the inferred portfolio risk
using the PFS time-varying correlations compares with a
simple equal-weighted portfolio for the four industry assets.
The risk of and equal-weighted portfolio, 𝑃𝑅𝑡 for each time
period 𝑡 is given by:

𝑃𝑅𝑡 = 𝑤𝑡�̂�𝑡𝑤
′
𝑡 = 𝑤𝑡�̂�𝑡�̂�𝑡�̂�𝑡𝑤

′
𝑡 (26)

where 𝑤𝑡 is an 1×𝑛 vector with equal weights, 1/𝑛, �̂�𝑡 is the
estimated correlation matrix from the crisp output for pairwise
correlations, and �̂�𝑡 is the diagonal volatility matrix for each
industry, as defined in the covariance decomposition in (12).

We compare the obtained portfolio risk to that of a zero-
correlation portfolio, where the volatility matrix �̂�𝑡 in (26)
is obtained from moving window estimates as in the PFS
model, and the correlation matrix �̂�𝑡 is replaced by an identity
matrix in (26). We denote this zero-correlation portfolio by
𝑃𝑅

0

𝑡 . Fig. 6 presents the portfolio risk calculated by the PFS
output and the portfolio risk calculated under a zero correlation
assumption. It can be seen that the zero correlation assumption
leads to a substantially lower risk at each time period. I.e. an
investor who disregards the time-varying correlation properties
estimates a much lower risk for his/her portfolio. This result
is also in line with the crisp output in Fig. 5a. Almost all
pairwise correlations between industry assets are positive,
hence a portfolio investing in these assets is not diversified.
We note that the validation of the portfolio risk in comparison
to the realized risk, for example using backtesting measures,
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is not straightforward without further assumptions on the error
terms 𝑧𝑡.

Finally, we compare the proposed multivariate PFS model
with the univariate correlation model as presented in [18],
where we apply the univariate correlation model separately
to six pairwise correlations. In the univariate model, the
antecedent variable for each pairwise correlation for assets
(𝑖, 𝑗) is defined as the past pairwise correlation between assets
(𝑖, 𝑗) and potential relations between pairwise correlations of
different assets are not taken into account.

The crisp outputs of the univariate PFS model for six pair-
wise correlations are shown in Fig. 5b. Similar to the multivari-
ate PFS results in Fig. 5a, estimated pairwise correlations are
volatile with generally higher correlation values in 1930s and
relatively lower correlation values starting from 1980s. Despite
this similarity, univariate model correlations are much more
volatile. In addition, pairwise correlations in the univariate
model in Fig. 5b tend to go up and down together, although
such a co-movement in pairwise correlations is not taken into
account in the univariate PFS model. We therefore conclude
that the proposed multivariate PFS model which explicitly
deals with co-movements of pairwise correlations through
common antecedent variables for all pairwise correlations is
more appropriate for these data.

The univariate PFS model results also violate the positive
definiteness condition in 𝐻𝑡 and 𝑅𝑡 in several time periods.
We present the obtained determinants of 𝑅𝑡 in (12) for both
univariate and multivariate PFS models in Fig. 7. The proposed
PFS model leads to positive definite covariance matrices at all
time periods, while the univariate PFS violates this necessary
condition for several time periods where det(𝑅𝑡) ≤ 0. The
univariate PFS model results cannot be used to assess the
portfolio risk due to the violation of this condition.

V. CONCLUSIONS

In this paper we show that a parsimonious PFS can be
used to model unobserved time-varying pairwise correlations
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Fig. 7. det(𝑅𝑡) from multivariate and univariate PFS models, obtained using
the crisp output.

between a set of financial returns, where the obtained pair-
wise correlations lead to a multivariate volatility model with
time-varying properties. The proposed method avoids strong
distributional assumptions on the correlation process and uses
the conventional approximation of time-varying correlation,
namely sample correlations from moving windows, as an-
tecedent and consequent variables. The antecedent space of
the PFS model is reduced through defining the minimum and
maximum past correlation as indicators of the overall correla-
tion pattern in the market. The method is applied to monthly
returns of four US industry portfolios where we show that
the PFS application captures time-varying correlations for all
pairwise correlations despite the small number of antecedent
variables. It can be seen that the zero correlation assumption
leads to a substantially lower risk at each time period. I.e. an
investor who disregards the time-varying correlation properties
estimates a much lower risk for his/her portfolio.
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