3.9 NATURAL RESPONSE vs. POLE LOCATIONS
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Response of unforced system

(1 =0)

Also called ‘natural response’

Can show that thus has the same
torm as response to an impulse.
1.e_ impulse response.
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(Similar eqns. for RHP poles)
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What do the corresponding time response plots look like?

Natural response (unforced response) has the same form as the impulse response!
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Analytical solution of a first order differential equation
Notation: y(f) = dy / dt

Consider two different first order dynamics, V() =a and V(f)=a*y

Identify real world “systems’ that exhibit such time dyvnamics for positive and negative values of a.

How does a first order system evolve in time? (i.e., what is its response?)
Any differential equation of the type @, V(1) + a, V(F) = a,u(f) . with initial condition (0) = y;. can be recast in
the ‘standard” form below by dividing each term by a:, to obtain

() + v =Ku(t). v(0)=y,

where the time constant 7= a; /a., and the gain K = a; /a,. and u(?) 15 the time dependent input.

If the input is a unit step input. i.e.. (1) = 1.0, then it can be used to shown that | V(f) = ‘Tﬂé?_'* T4 K(l—-e™ )|

What happens when =77 Substituting t =7, we get V(7)=
vee '+ K(l—e )=y, -y, v +K(1-e )=y, +(K—y)1—e") =1, + (K - 1,)0.632.

This shows how the system reaches 63% of the “change’ in value from initial value (1.e_ K-v;) in one time constant.
Eemember that the system started at a non-zero value of 3, in this case.

So, for a first order system, time constant is the time it takes for the output to reach 63.2% of the ‘change’.

Example: What is the response of the system 2X(7) + 3x(7) = 5u(t) with u(t) = 2.0, and x(0)=107

Solution: The first step 1s to convert the system into 1ts standard form. Thas yields (2/3)x(8) + x(#) =(3/3)uir) . The
time constant 15 2/3, and the gain 1s 5/3. From the form of the solution given above, we can find the response in this
particular case as X(1) = x,¢ T+ K(l1—e” | ") which in our case becomes

x(t)=10%e™'? +(10/3)*(1—e™ 7). Does this satisfy the initial condition? x(@)=10—0=10........s0, YES.

Exercise: What is the response of the system 3v(f) + 5v(f) = u(f) with u(2)=5.0. and v(0)=07 Also, solve and

plot using MATLAB and verify yvour answer.
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Meaning of time constant? Time constant for a first order system is the time it takes for the output to

reach 63.2% of the ‘change’. Estimate the time constants for the systems shown below.
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Meaning of time constant? Time constant for a first order system is the time it takes for the output to

reach 63.2% of the ‘change’. Estimate the time constants for the systems shown below.
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Analvtical Solutions for General First and Second Order Systems

First Order System:

Yiv=a  30=j

Constant ¢ means a step illl)llt.

Homogeneous solution:

nv+v=0
At . A
Assume y, =ce”’ =1, =Ace”

tice” +ce” =0 =2 z—%

R -t
Yn=0€

Particular solution:

Assume v, =¢, —=1,=0

P <P

n,ty,=a = =a

Total solution: ¥ =, +¥,

—tfr

v=ce ' +a
1 =¥y :>_‘l'0 :C‘1+ﬂ'

Sp=p T -

=y, —da

v=(y-a)e" +a =J.C-%L o(i-€%)

MATLAB commands
syms tau a
y=dsolve("tau*Dy+y=a,y(0)=y0".'t"):

pretty(y)

Second Order System:

Mi+Di+Kv=F

The procedure of solving this equation is omitted here.
Define

(I

| K . D

@, =,—.and {'=
VM 2Mo,

where @, is the undamped natural frequency. and ( is the

damping ratio.

Depending on whether £'is less than, greater than or equal to
unity. three solution cases are possible

Case 1: Underdamped system (0 < £< 1)

"l'(f) — e—-:r.:,‘r ;(9N1(0) + 1(0)

[
@y, \'I]' -

Case 2: Critically damped system (<= 1)
—a, T - F
¥(1) =™ [x(0) + (@,x(0) + %(0)t] + =

Case 3: Over damped system (= 1)

[-¢+y¢?-1 |, x(0) = 5(0) _,

¥(r) =

+ \lll.,' el ..]C-J.,_.J‘

&2
2m,4/<" -1

(- |Ir “2 _ . DX v - . °
[_\? +¢ =1 @, x(0) +1(0) fefFiles F
+ e /

2m,4¢" -1 K
MATLAB commands
syms wn zeta y y0 y_dot0
y=dsolve ('DZy+Z*wn*zeta*Dy+wn"2*y=0, v (0)=y0, Dy (0)=y_dot0"',

pretty (y)

sin{@, 41— S+ x(0) cos(m, \."1 - |+ g
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V +3V =-30
Solve the first order ODE
7 (0) = —60 mV

that models a membrane with constant current injection
starting at tume t=0. Plot for 2 ms.

Analytical solution using MATTLAB
>>V=dsolve('DV+3*V=-30,V(0)=-60",'t")
1;'..:" =

-10-50%exp(-3*1)

Note: This 1s the ‘exact’ solution using Matlab.

Numerical Method

(how any computer program would do it)
. Vt+AD)-V{(r
Py = LEHAD =T (D)

At
V(t+AD) =V () +V(1)* At

(approximation used)
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Comparison of Solution Techniques

Z+3z=1
Example:

Z(0)=1

Laplace Transform Method

sZ(s)—1+3Z(s):l
s

s1Z(s)—s+3sZ(s)=1
s+1
s2+3s
s+1
s{s+3)

Z(s)=

2
3

+

CHIWS

s+3

~z(8) :l+£e_3’
3 3

MATLAB Commands

Syms s

Z=(s+1)/ (3"2+3%*3);

z=ilaplace (Z)

Homogeneous
(Complementary)
/Particular Solution Method

£+3:=
dt

Homo. solution:

dz
—+3z=0
di
Assume:
. 4= 3
r=ce® = = = Jce*
dr
Ace™ +3ce™ =0
A=-3
z=ce

Non-homo. solution:
Assume

dz
z=a=—=0

dr
dz
—+3iz=1=3a=1
dr

ca=1
Sa=4

Complete solution:

_ 1
z=ce 4=
3
1 _2
_|r=0—|.:>£’—?

~oz(r) =%e’3’ +%
a a

MATLAB Commands
z=dsolve (..
'Dz+3*z=1,z (0)=1", 't")

pretty(z)

Numerical Method
(This how MATLAB does it.)
. Z(t+Af) —=z(1)
Dx——F———
At
(14 AF) = z(f) + 2(1) * At
Given: 2(0) and f5,q

Select: Af
Pseudocode:
Initialize z and t
do
) =1-32(F)
Z(t+ AN =z(1) + 2(HAr
t=t+At

while 7275,

Sample calculation:
2(0) =1 and fgua =2
select Ar=0.01

stepl:

Z=1-31=-2
Z(.01)=1+(-2)*0.01=0.98
r=04+0.01

step2:

:=1-3(98)=-1.94
2(.02) =0.98+(~1.94)*0.01 = 0.9606
£=0.01+0.01

step3:

2=1-3(0.9606) =—1.8818

z(.03) = 0.9606+(-1.67)*0.01=0.941782
r=0.02+0.01

Note: This 1s the simple
Euler’s Method. Typically,
more sophisticated methods.
such as Euler-Cauchy method.
Gil's method, and Runge-
Kutta methods would yield
more accurate results.
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3.10 SECOND ORDER SYSTEMS CHARACTERISTICS FOR DESIGN
i M,
| J
/ | \ R — }‘——

1 i il

2nd order time domain specs

0.1

- ¥

Consider H(s) = Y(s)/U(s) = o,/ st + 2w, s + m;il ). a general second order system with unit gain.

With zero ICs. let u(t) = 1(t) (unit step)., what is the response y(t)?. Before we proceed. what are the pole locations
tor this system (coordinates?) and how does that help determine the form of the response?

Depending on whether {'1s less than. greater than or equal to unity. three solution cases are possible for y(t):
Case 1: Underdamped system (0 < J< 1)

—

y(t)=1-eT[cosam,t + (o /m,)sin@,t]. where 0= ¢, and @, = @, /1<
Case 2: Critically damped system (= 1)
y(t)y=1-e (o, t+1)

Case 3: Over damped system (<> 1)

| {eef )y {710,

v(it)y=1+ce "  tce " wherec, = (0, +0)/ 20, & c,= (0 —®;)/ 2, For
dominant second order systems (either ‘pure’ second order systems: or higher order systems where the extra poles
and extra zeros are ‘4 times away’ from the dominant poles. or if the closer ‘extra’ poles have zeros next to them
leading to pole-zero cancellations)

34



*Formulae for some of transient specifications for the underdamped case are as follows:
Time Domain:

T T _rrf 1=c? . . .
I, = .' = = : M,=e 1~ x100% (%0S =M , *100): o =7{o,
o, 1-<° Pa
46 _ : . - . [ #2
T, =—— (for 1% settling band); 7, ., =— (for £=0.5): 0y =m,41-¢
<0, @

n
@, = undamped natural frequency: C = damping ratio; 7, = peak time: T; = settling time: 7, = rise fime.
- . . . d
*How are these formulae modified when the system is not a dominant 2™ order system?
1.e.. what 1s the effect of zeros and additional poles? Or. how do we infer something about systems of higher order

with numerator terms also (not ‘pure’ second order)?

Approximations in the ‘real world’ for obtaining design equations: if ‘pure’ first or second order, these formulae
hold, else the concept of ‘dominant’ roofts holds......+ effect of additional poles and zeroes........
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y(®)

H(s) = Y(s)/'U(s) = 0.7(s” + 2w s + o2 )

......
II'

2nd order step responses
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0.1 -
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H(s) = Y(s)/U(s) = 0, /(s° + 20,5 + 07 )

025

Transient response

—0:1

0 1

Response of a 2nd
order system to a
sinusoidal input
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H(s) = Y(s)/'U(s) = 0.7(s” + 2w s + o2 )
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	chapter 3: solve the ODE x_dot + 3x = 1; x(0)=1�solve the ODE x2_dot + 3*x_dot + 2*x = u, with u as unit step, and zero initial conditions. CLEARLY SHOW HOW TO GET THE PARTIAL FRACTIONS.�solve the ODE x2_dot + 3*x_dot + 2*x = u, with u as unit step, and initial conditions as 1 and 1.��chapter 3: find the time constant of the system x_dot + 3x =2u;  what is the natl. freq. and damping ratio of the system x_2_dot + 3*x_dot + 2*x = 5u;  �what is the general solution of the TF 1/(s+3)?�What are the multiple forms of representing a system? (TF, Re-Im plot, DE form, gen soln., TF form)�Is the system x_2_dot + 3*x_dot + 2*x = 5u  stable?  How do you know?�What about the system x_5_dot+ 3*x_4_dot+…… = 6u?��chapter 4: �1.Derive the expression for ss error for the Chapter 1 cruise controller model?�Why does the cruise controller model in chapter 1 have ‘constants’ in the block diagram?�Derive the equation for the CLTF for the ‘why feedback’ example on the slide, and for the ss error �2. Derive an expression for the ss error for a unit step input for the system 1/(s+3) in feedback configuration with gain K – check with MATLAB. What is the effect of gain K?�3. Derive an expression for the ss error for a automobile cruise controller assuming a first order plant and throttle angle as input [ 1/(s+10)??] and a pure gain for D(s).  Will you buy such an automobile?  How would you correct it?  DO THE EXAMPLE USING MATLAB IN CLASS�4. �� �
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