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3.11 CONVERTING TIME DOMAIN SPECS TO FREQ DOMAIN SPECS

e

. . . . ) 1.8 _«J'rl—gj 4.6
Recall the time domain specifications for a ‘pure’ second order system: 7, =—— . M p =€ L=

w oW

il n

The requirements of the customer are M < 5%, 1, <l1sec and 7, < 4sec. Asa controls engineer you need to

convert these to frequency domain specifications. How would vou do this?

Using the formulae given above we can convert that into finding the frequency domain specifications as tollows:

l.

w, > —— which makes the value of w, to be W, >1.8 as 7, <lsec. Similarly for finding the value of C we
!
.

[ | j 9
[ TR G U

M, . M,
log, #/7| /(1+|log, */m

useg > || ). As M p <5%, 1.e.. 0.05. substitute the value in the above equation to get

the value of ¢ > 0.6944. Then finding the value of gw, which is found by ¢w, > —— where 7_<4sec.
!

5

therefore ow, > 1.15. The below graph shows the plot between the damping ratio and the peak overshoot.

e S
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the graphs of regions in the s-plane delineated by certain transient requirements.



3.12 Effect of zeros and extra poles on ‘pure’ second order system response

Effect of zeros

Consider a transfer function H(s) as shown below:
2 7 7

Hy(s)= This 1s a “pure’ second order system. 1.e.. has two poles only.

(s+1)(s+2) s+1 s+2

Consider the same function with two poles. but now add a zero and normalize it to have the same gain.
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In order to show the effect of a zero, placed anywhere n general ( varied in the equation below), on the transient

response of the system we consider the following transfer function:

s

+1

o 1.8 : : : : :
H(s)= (s/ ”}"‘h-;_;n’ﬂ(_f" )+1 = alpha=1
siw, | +24(s/w, )+ =
" _ " 16 / \ alpha=2 |-
/ ."'\ alpha=4
Matlab program: 14l ."'F alpha=100 ||
Zeta =0.5; N
wn=1; ~
alpha = 1; 12 ;// i
num = [1/(alpha“zeta®wn) 1]:
den = [1/(wn"wn) 2"zeta/wn 1]; -1/ / e —
sys = tf(num,den); e —
[y.t]=step(sys): 08t | / / / i
alpha = 2; a6l | |/ |
num = [1/(alpha“zeta®wn) 1]: I.'
den = [1/(wn"wn) 2"zeta/wn 1]; 04l |
sys = tf(num,den); ’ |
1.t1]=st : [/
[y1.t1]=step(sys): 03/ |
alpha = 4; i
= - & . U | | | | |

num = [1/(alpha*zeta®™wn) 1]; 0 5 4 5 a 10 12

den = [1/(wn*wn) 2*zeta/wn 1];
sys = tf(num,den);
[y2.t2]=step(sys):

alpha = 100;

num = [1/(alpha*zeta®™wn) 1];

den = [1/(wn*wn) 2*zeta/wn 1];

sys = tf(num,den);

[y3.t3]=step(sys):

figure(1);

plot(t,y.t1,y1,12,y2,13,y3);
legend('alpha=1','alpha=2","alpha=4'","alpha=100");

CONCLUSION: A zero i the LHP will increase overshoot if the zero 1s within a factor of 4 of the the real part of the complex
poles. A zero in the RHP will depress overshoot (and may cause the step response to start out in the wrong direction.)




Effect of additional poles

In addition to studying the effects of zeros. it is useful to consider the effects of ‘extra’ poles on the pure second
order step response. Similar to the previous section. consider the pure second order system with an additional pole
whose location is controlled again by «.

1 14 T
H(s)=—o 5 - - 5. Let _:]‘p::j
(s/ aow, +1_}|_(5 laowy, ) +2<(s/w, ]+1J 12p il
¢=05andw, =1. i - e
An additional pole in the left half-plane will increase
the rise time significantly which can be seen in the step ”-3‘
response plot below:
06
0.4l
Matlab program.
zeta =0.5; 02
wn =1;
alpha = 1; o .
num = [1] 1] 2 4 [} 8 10 12

den=[1/(alpha“zeta"wn"3)((2/alpha)+1)"(1/wn"2)(1/(alpha“zeta)+2"zeta)"(1/wn) 1]:
sys = tf(num,den);
[y.t]=step(sys);

alpha = 2;

num = [1];
den=[1/(alpha“zeta"wn"3)((2/alpha)+1)"(1/wn*2)(1/(alpha*zeta)+2"zeta)"(1/wn) 1]:
sys = tf(num,den);

[y1.t1]=step(sys);

alpha = 5;

num = [1];
den=[1/(alpha*zeta"wn"3)((2/alpha)+1)"(1/wn"2)(1/(alpha“zeta)+2"zeta)"(1/wn) 1]:
sys = tf(num,den);

[y2.t2]=step(sys);

alpha = 100;

num = [1];
den=[1/(alpha*zeta*wn"3)((2/alpha)+1)*(1/wn*2)(1/(alpha*zeta)+2*zeta)*(1/wn) 1]:
sys = tf(num,den);

[y3.13]=step(sys);

figure(1);

plot(ty,t1,y1,12,y2,13,y3);

legend('alpha=1'"alpha=2","alpha=5",'alpha=100");

CONCLUSION: An additional pole in the LHP will increase rise time significantly if it 1s within a
tactor of 4 of the the real part of the complex poles.
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3.13 STABILITY

An LTI system 1s said to be stable if all the roots of the transfer function denominator polynomial have negative real
parts (1.e.: they are all in the LHP) and unstable otherwise.

Are the following systems stable (assume a(s) is the denominator of the TF) :
1. a(s)= s+3

2. a(s)= s?+5s+6

3. a(s)= s2+4s2+2s+9
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3.13 STABILITY

An LTI system 1s said to be stable if all the roots of the transfer function denominator polynomial have negative real
parts (1.e.: they are all in the LHP) and unstable otherwise.

Routh Hurwitz criterion: Routh and Hurwitz independently in 19™ century developed a method that was
particularly useful before the advent of software such as Matlab. but 1s still useful for determining the ranges of the
coefficients of polynomuials for stability. especially when the coefficients are in the symbolic form.

Consider the LTI system whose transfer function denomuinator polynomial leads to the characteristic equation
- )
a(s) =s"+a;s™ +as™ +. +a, =0 Eq 1

Assume that the roots {p;} of the characteristic equation are real or complex. but are distinct. The solutions to the
differential equation where characteristic equation is given by Eq lmay be written using the partial-fraction
expansion as

n
- pit
y(t) = Zﬁ.j{?p’ Eq2
i=1

where {p;} are the roots of the polynonual equation and {K;} depend on the initial conditions and zero locations. If a
zero were to cancel a pole in the right half plane for the transfer function .the corresponding K; would equal zero in
the output. but the unstable transient would appear in some internal variable. The system is stable if and only 1f
(necessary and sufficient condition) every term in Eq 2 goes to zero asf — o0

e’ 50 for all p; Eq

LFs]

This will happen 1f all the poles of the system are strictly in the LHP. where

Re {pif <0 Eq4
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If any poles are repeated. the response must be changed from that of the Eq 2 by including a polynomual in t in place
of k;. but the conclusion remains unchanged. This 1s called internal stability. Therefore. the stability of the system can
be determuned by computing the location of the roots of the characteristic equation (poles of the CLTF) and
determining whether they are all in the LHP. If the system has any poles in the RHP. it 1s unstable. Hence the j® axis

1s the stability boundary between asymptotically stable and unstable response. If the system has non repeated jo axis
poles, then it is said to be neutrally stable. For example. a pole at the origin (an integrator) results in a non decaying

transient. A pair of complex jo axis poles results in an oscillating response (with constant amplitude). If the system

. : - . . + jw;t . ..
has repeated poles on the jo axis. then it is unstable [as it results in 7&~”"" terms in Eq 2]. For example a pair of
poles at the origin (double integrator) results in an unbounded response.
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Routh Criterion:

* A necessary (but not sufficient) condition for stability is that all the coefficients of the characteristic
polynomial be of the same sign.
* A system is stable if and only if all the elements in the first column of the Routh array are positive.

To determine the Routh array we first arrange the coefficients of the characteristic polynomial in two rows beginni
with the first and the second coefficients and followed by the even numbered and odd numbered coefficients:

Row n s™ 1 a2 ad L
Row n-1 S al a3 s
Row n-2 S bl b2 b3 .
Row n-3 St cl c2 3
Row 2 s’ * *

Row 1 s *

Row 0 5% *

We compute the elements from the (n-2)® and (n-3)™ rows as follows: ) )

48




Routh’s Test: R SR TR o B ,
Ve r - - Lr-—, . [;m {,

Consider a polynomial a(s) ='s® +4¢° +35% 4287+ +4§¥:§(I?sa‘risﬁes the necessary condition for stability since all
the coefficients {a;} are positive and non-zero. Are any of the roots of this polynomial in the RHP?

The routh array for the above polynomual is

f : (.& \\\ . \ I,f \\
s°: I Oy 3 V00 1 | a q) 4 \ag)
s 4 Loy 2 l:-.._ " L 4 0 0 (9 7)
° -.\!(_'«_* 5 \_| .5\0\3\_ 'i.j\o»\‘j.bﬂ,;' /r}.g ) IQO D‘ p o e
L3 4x3-1x2 - Adx]1-4x1 x4 —-1x0
54- ‘f)r:_:— l'Qﬂ:Ozi | 4:—
N I L e
2 4 = E‘l\ 4\-|:\'5"|\_- 4“{’"1\}
| ™y . P Ly ,
¢ 5 \0*5\ (GO lo 2) t 5 ¢ ¢) o) o)
—x2-4x0 12 —x4-4x4
> C'{2:2 5 Cz'-——:—2 5 0:-cy
2 (lon 5 2 ()
2 2
e .\,\ ;Cl'\ r o AeAEP
(@), ) 87 1o @) b AP e
EXO—EX[—?] 2><4—(“5><0}
s 01 3= — '54?.4: -
2':\C,I\.' 2((’\\
(4 (¢ 2 [ \
12 (G¥2e)
I3x|——|-8
a 76 5 () =
s £ ——= S0
15 3
RS (N
"7%: '.,_g\b‘ A 2
. -—x4-0
0 | - h
s =4
& [
' — E \ )\ \\
15
Since the elements of the first column are not all positive we can say that the polynomial has RHP roots. In fact there 49

are two poles in the RHP because there are two sign changes.
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Special cases of the Routh array

Case 1: If only the first element in one of the rows is zero then we replace the zero with a small positive constant
& >0 and proceed as before. Apply the stability criterion by taking the limit as & — 0.

Determine the locations of roots of the polynomial a(s)=s’ +3s*+2s° +6s” +6s +9. Form the Routh array.

5 1 2 6
s*: 3 G 9
s 0 3 0
New s P 3 0 <— Replace zero by &
, 2 -3
57 3 0
EA
3g?
S 3— 0 0
2&-3
s%: 3 0

In the Routh array. the first element of the 3™ row is zero. and so it is replaced by & and the process continued.

There are 2 sign changes in the first column in the array which means that there are 2 poles not in the LHP.
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Case 2: Entire row is zero. This indicates that there are complex conjugate roots that are mirror images of each other
with respect to the imaginary axis. If the i row is zero we form the auxiliary equation from the previous (non-zero)
row. We then replace the i row by the coefficients of the derivative of the auxiliary polynomial. and complete the
array. However the roots of the auxiliary polynomial are also roots of the characteristic equation and these must be
tested separately. To illustrate this, consider the polynomial a(s) = s’ +5s* +11s° +23s* +28s +12.

The Routh array 1s as shown below:

§: 1 11 28
gt 5 23 12
s 6.4 256 0
s 3 12
s: 0 0 <«—al(s)=3s2+12
da,(s)
New S 6 0 — ——=06s
ds
<0 12

There are no sign changes in the first column. Hence all the roots have negative real parts except for a pair on the
imaginary axis. We may deduce this as follows: When we replace the zero i the first column by £ =0. there are no

sign changes. If we let & <0. then there are 2 sign changes. Thus if & =0. there are 2 poles on the imaginary axis.
which are the roots of

a(s)=s"+4=0
or
s= 12
This agrees with the fact that the actual roots are at -3. = 2j. -1 and -1.
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