TWO TYPICAL INPUT SIGNALS USED IN ANALYSIS

_LNIT IMPULSE FUNCTION
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Consider the function f, (x;a) shown in Fig. 1 and defined by Eqns. 1 and 2.
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The function has the unique property that
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From Eq. (2)
_[:5(.\' —a)dx =1 (4)

The function defined by Eq. (3) and (4) 1s called the unit impulse function (approximate forms are equs. 1
and 2). It has many applications in physics and engineering. It is used to mathematically represent physical
quantities that act for a short time. i.e.. an impulsive force. and a concentrated load applied at g location x =
a on a structure. Z
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Now define
oy SV 0 x=a ‘
_i(x—a):jG 5(1‘—&){1\‘:‘% lim fd(x;a)d’x: (5)
A0 l x>a

The function defined in Eq. (5) 1s called the unit step function and 1s plotted in Fig. 2. Differentiating Eq. (5)
gives

=6(x—a) (6)
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Note: You can integrate a step to get a ramp. and a ramp to get a parabola. .....and so on.

The definitions of the unit impulse function and unit step function can also be used to derive the following
integral formulas. For any function (g(7)).

j08(t—a)g(t)dr = A1-a)g(a) (7)

hd(z—a)g(r)dr = 8(1-a)[} g(7 )dr )
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3.2 SUPERPOSITION AND CONVOLUTION INTERGRALS

¢  Dirac delta function or unit impulse function (mathematical fiction!)

S st
o(fr—1)=
0O r=71

and

=o(t—t)dr =1

Y

If f(f) is continuous at 7 = 7 . this implies that

B f(r)o(t—7)dr = f(1)

¢ Impulse response: Response of a system to a unit impulse input. For a linear tume invariant (constant
coefficient) system. the impulse response 1s designated as /1(7) by convention. So. what 1s the response at 7
to an impulse applied at T 7 It 1s /i(#-7), 1.e.. 1t 1s just time shifted version of /i(7) (starts at T instead of 0).
as one might expect anyway! Now. the response to any input #(7) can be obtamed using superposition if u(7)
1s broken up mnto lots of impulses! How do we do that? Can you imagine the time domain picture of #(7) as
a series of discrete impulses?

Linear (1)
0 n0 (1) Time Inv e
y(t)=lim > [u(t)dt]h(t—7)= [u(t)h(t—1)dT — P System
ATt > 01 = - — o Know:
u=Jar-1) = v(t)=h(t-0
This is the superposition integral. unit impulse impulse response of th
at time T systen. 1.e., response a

impulse at T.
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The superposition integral provides the response for LTI systems. as
o0 o

y(t)= [u(t)h(t—1)dt or y(t)= jiln'(f —7)h(t)dTt
— 0 \’\f;-— t-o _ — o0 3“:2,

This is called the convolution integral. 7’ (" ) ;j U(t-‘ﬂﬂ ("l\( 0\‘1) = J “({’ -7) A (">‘A”l

=0

The convolution integral occurs so often that the notation ' = # * Jt is often used to represent the equation.

Utility: The response of the system to ANY tune varying input can be determined using this convolution
integral.

[For a general linear system. the impulse response can be represented as /17,7 ) and it is not equal to

Ji(t — 7 ) ...with that change. all the development above holds.]
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Example: Given the following system:

u | ! y Find the response y 1f u 1s a unit step?
s+3

L

Solution: The unit step input © can be expressed as

() 1 7=0
u(rt )=
0 <0

The mmpulse response of this system 1s given by

h=e > (simply the inverse Laplace transform of the transfer function.
since L(impulse)=1)

Since the system 1s linear and time invariant. h(t, 7)=h(t-7).
For this problem, h(t-7)=e~"7.



Now perform the convolution operation to get the output y
y(r)= E; u(t)h(t—t)dr

= l[61+e_3(r_r)dr

—31)

Note that when t < 1, h(t-7) = 0.
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MATLAB Commands:
syms s € tau
G=1/(s+3);
u=1;
h=1laplace (G);
h tau=subs (h,t,t-tau);
y=int (h tau*u, tau,0,t)
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	chapter 3: solve the ODE x_dot + 3x = 1; x(0)=1�solve the ODE x2_dot + 3*x_dot + 2*x = u, with u as unit step, and zero initial conditions. CLEARLY SHOW HOW TO GET THE PARTIAL FRACTIONS.�solve the ODE x2_dot + 3*x_dot + 2*x = u, with u as unit step, and initial conditions as 1 and 1.��chapter 3: find the time constant of the system x_dot + 3x =2u;  what is the natl. freq. and damping ratio of the system x_2_dot + 3*x_dot + 2*x = 5u;  �what is the general solution of the TF 1/(s+3)?�What are the multiple forms of representing a system? (TF, Re-Im plot, DE form, gen soln., TF form)�Is the system x_2_dot + 3*x_dot + 2*x = 5u  stable?  How do you know?�What about the system x_5_dot+ 3*x_4_dot+…… = 6u?��chapter 4: �1.Derive the expression for ss error for the Chapter 1 cruise controller model?�Why does the cruise controller model in chapter 1 have ‘constants’ in the block diagram?�Derive the equation for the CLTF for the ‘why feedback’ example on the slide, and for the ss error �2. Derive an expression for the ss error for a unit step input for the system 1/(s+3) in feedback configuration with gain K – check with MATLAB. What is the effect of gain K?�3. Derive an expression for the ss error for a automobile cruise controller assuming a first order plant and throttle angle as input [ 1/(s+10)??] and a pure gain for D(s).  Will you buy such an automobile?  How would you correct it?  DO THE EXAMPLE USING MATLAB IN CLASS�4. �� �
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