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3.3 TRANSFER FUNCTIONS

(1) h(z) V(1) Ufs) His) I

e Using the convolution integral. let u(7) = e™

o

= y(t)= | h(Du(t=1)dr = [h(r)e" " "dr =€" ,{ “}(r)g—srdr}

- —oo —oo

= (1) =e" H(s) where H(s)= F h(t)e " "dr

—G

So, the transfer function of a systemm = Laplace transform of the impulse response of the system.
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¢ FREQUENCY RESPONSE: Find the response to a sinusoid by this method. Note that

A . . ) . -
Acos&ﬁ:?(e-’“ +e /™). Let s= jw in the formula above to get the response to u(f)=¢’” as

v(t)=H(jw)e!™ ; and. for u(f)=e™ the response is v(f)=H(—jw)e™’™ . So. we can get the

A, ; .
response 1(7) to u(z) = Acosar = E(e“‘ +e7/) | by superposition as

¥(f) = ?[H( j@)el™ + H(~jo)e |
| fa\ = | N(s
Writing H(jo)=M(®)e’*® (Magnitude-phase form). we get — m { “0\- ' \ T \

y(t) = éM(m) felleolal | plasolely — 4. Af (@) cos(art + (o))

"

—>If a system represented by the transter function H(s) has a sinusoidal input with magnitude 4(®). the
output will be sinusoidal at the same frequency with magnitude 4-M{@) and shifted in phase by the

angle X @), 1.e.. @ (@) = G (@) + P(@) .

Frequency response curves: M(®) v/s © and f(®) v/s @

e Consider v(1)= [ u(t—7)h(r)dr. Taking Laplace transform of both sides yields
Y(s)= [ { fﬂ(r— T)h(r)d r}e—”d’?

Interchanging the integrals

Y(s)= T { Trr(r — z')h(r}e_”dr}dr =U(s) Te“”h(rjd r=U(s)H(s)

= ¥ (s) = H(s)U(s) Lo



3.4 LAPLACE TRANSFORMS

Objective: Solve DEs
TIME DOMAIN FREQUENCY DOMAIN
t — domain (real) LE}PIE“;E . 5 — domain (complex)
Transtorm s=o0+iw
¢ Convert the DE 1nto
the Laplace domain e Solve the algebraic equations
to get an algebraic and get the transform of the
equation . lnverse output.
Transform e Use Laplace transform tables to
get the time function of the
output (inverse transform).

e  Consider a signal f{f). Its one-side (unilateral) Laplace transform is defined as
F(s)=L[f(1)] = L:C (e dt where s=c+jo.

¢ Given a DE (or set of DEs). convert it to the Laplace domain. It becomes an algebraic equation now
(1.e.. no derivative terms exist). Now. by algebraic manipulation. find the transform of the output. Then.

using Laplace tables. determune the time function (inverse transform) of the output = SOLVE THE
DES USING THE LAPLACE TRANSFORM METHOD.



Problem: Find the Laplace transforms of the step (al(r)), ramp (b71(7)) functions, and the sinusoid
sin{et) .

Solution: (1) f(#)=al(?)

F(s)=[ae™"dt=— ae =0- (—i) _a
0 S o s s
(1) f(t)=brl(r)
® . -t —st "
F(s)=forear =| - €0 | =2
0 . s s | st
s o
Undr = v — j*ﬁ-‘dff]
(1) f(¢)=sinot
o ) w| _.i"'f"r _ __j"'r\ @
F(s)= [sinawre™"dr = | L e df =———
0 ol 2j 5T+

12



Example: Solve ¢ +2¢+10c =107 with 7 = 1.0, ¢(0) = ¢(0) = 0.

Step 1: Taking the Laplace transform. we get

Steps
s2C(5) + 25C(s) +10C(s) = 10R(s) (i) take Laplace transform of both sides
(taking care to include the initial
Step 2: Solving for C(s) yields conditions) to go to the Laplace
domain
: : : (ii) Solve for the Laplace of the output by
C(S) = — IOR(‘FJ — 10 rl algebraic manipulation
sP+25+10 sT+2s+10 s (iii) Take inverse transform — to come back

to the time domain
since R=1/s.

Step 3: In order to look up in the Laplace transform table. the above equation is rewritten as

C(s) = lﬂq
s{(s+1)" +9]

Step 4: Therefore. the time function is given by

_ 1 .
c(r) =1—e " (cos3t +—sin3r)
]

MATLAB Commands
syms 3 t
C=10/(s"3+2*s3"2+10%*s) ;

c=ilaplace(C,s,t) .



3.5 PROPERTIES OF LAPLACE TRANSFORMS

(1) Superposition: Llof () + G (0)] = aF (s) + BF,(s)

(11) Time delay: L[f(t=A)]=e " F(s)
f(t—A) 1s the function f(7) delayed by A time units.

(111) Time scaling: L] f(ar)]= {i
la| \a,
(1v) Shift in frequency: L[e™ f(D]=F(s+a)

(v) Differentiation:  £[f"(1)]=s"F(s)—s""£(07)=s"2f(07)—---— £™D(07)

where /™ denotes the m™ derivative of fwith respect to time.

’ . o F(s)
(vi) Integration: f[I f(&)dE] J U f(S)dE e dt = .
(vi1) Convolution: LIf1()x ()] = FL(s)F,(s)

(vii1) Time product: LI ()] =F(s)*Fy(s)

(1x) Multiplication by time: L[#/(1)] = —%(F2 (5)) 1
ds



	chapter 3: solve the ODE x_dot + 3x = 1; x(0)=1�solve the ODE x2_dot + 3*x_dot + 2*x = u, with u as unit step, and zero initial conditions. CLEARLY SHOW HOW TO GET THE PARTIAL FRACTIONS.�solve the ODE x2_dot + 3*x_dot + 2*x = u, with u as unit step, and initial conditions as 1 and 1.��chapter 3: find the time constant of the system x_dot + 3x =2u;  what is the natl. freq. and damping ratio of the system x_2_dot + 3*x_dot + 2*x = 5u;  �what is the general solution of the TF 1/(s+3)?�What are the multiple forms of representing a system? (TF, Re-Im plot, DE form, gen soln., TF form)�Is the system x_2_dot + 3*x_dot + 2*x = 5u  stable?  How do you know?�What about the system x_5_dot+ 3*x_4_dot+…… = 6u?��chapter 4: �1.Derive the expression for ss error for the Chapter 1 cruise controller model?�Why does the cruise controller model in chapter 1 have ‘constants’ in the block diagram?�Derive the equation for the CLTF for the ‘why feedback’ example on the slide, and for the ss error �2. Derive an expression for the ss error for a unit step input for the system 1/(s+3) in feedback configuration with gain K – check with MATLAB. What is the effect of gain K?�3. Derive an expression for the ss error for a automobile cruise controller assuming a first order plant and throttle angle as input [ 1/(s+10)??] and a pure gain for D(s).  Will you buy such an automobile?  How would you correct it?  DO THE EXAMPLE USING MATLAB IN CLASS�4. �� �
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